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Incidence and Laplacian matrices of wheel graphs and
their inverses

Jerad Ipsen® and Sudipta Mallik

(Communicated by Renata Del-Vecchio)

Abstract
It has been an open problem to find the Moore-Penrose inverses of the incidence,
Laplacian, and signless Laplacian matrices of families of graphs except trees and uni-
cyclic graphs. Since the inverse formulas for an odd unicyclic graph and an even
unicyclic graph are quite different, we consider wheel graphs as they are formed from
odd or even cycles. In this article we solve the open problem for wheel graphs. This
work has an interesting connection to inverses of circulant matrices.

1 Introduction

Let G be a simple graph on n vertices 1,2,...,n and m edges ey, es, ..., e, with the adja-
cency matrix A and the degree matrix D. The Laplacian matriz L and signless Laplacian
matriz (Q of G are defined as L = D — A and Q = D + A respectively. The vertex-edge
incidence matriz M of G is the n x m matrix whose (i, j)-entry is 1 if vertex 4 is incident
with edge e; and 0 otherwise. It is well known that @ = MM?". An oriented incidence
matrix N of G is the n x m matrix obtained from M by changing one of the two 1s in each
column of M to —1. It is well known that L = N N7 for any oriented incidence matrix N of G.

Circulant matrices play a crucial role in this article. A circulant matriz of order n is an
n X n matrix of the form

Co C1 Cy - Cp—1
Cn—1 Co €1+ Cp—2
Ch—2 Cp—1 Cp - Cp-3

C1 Co c3 - Co
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which is denoted by circ(cg, ¢, . .., ¢,—1). For example, the incidence matrix of a cycle can be
written as circ(1,0,...,0,1). The following are well known properties of circulant matrices:

Proposition 1.1. [10]

a) Circulant matrices commute under multiplication.

(a)

(b) The inverse of an invertible circulant matrix is a circulant matrix.

(c¢) The inverse of an invertible symmetric circulant matrix is a symmetric circulant matrix.
)

(d) If s is the row sum of an invertible circulant matrix C, then £ is the row sum of C~*.

The Moore-Penrose inverse of an m X n real matrix A, denoted by AT, is the n x m real
matrix that satisfies the following equations [5]:

AATA = A, ATAAT = AT (AAD)T = AAT, (ATA)T = AT A.

When A is invertible, AT = A%

In 1965, Ijira first studied the Moore-Penrose inverse of the oriented incidence matrix of a
graph in [11]. The same was done by Bapat for the Laplacian and edge-Laplacian of trees
[3]. Further research studied the same topic for different graphs such as distance regular
graphs [1, 4]. With the emergence of research on the signless Laplacian of graphs [6, 7],
Hessert and Mallik studied the Moore-Penrose inverses of the incidence matrix and signless
Laplacian of a tree and an unicyclic graph in [8, 9]. It has been an open problem to find
the Moore-Penrose inverses of the incidence, Laplacian, and signless Laplacian matrices of
other families of graphs. Note that the inverse formulas for an odd unicyclic graph and an
even unicyclic graph are quite different [9]. Since wheel graphs are formed from odd or even
cycles, they deserve to be investigated first for the inverse formulas of associated matrices.
Recently an inverse formula for the distance matrix of a wheel graph has been studied by
Balaji et al. [2]. In section 2, we study the Moore-Penrose inverses of the incidence and
signless Laplacian matrices of the wheel graph on n vertices. In section 3, we investigate the
Moore-Penrose inverses of the oriented incidence and Laplacian matrices of the wheel graph
on n vertices.

2 Incidence and signless Laplacian matrices

The wheel graph on n > 4 vertices, denoted by W,,, is obtained from an isolated vertex v
and a cycle on n — 1 vertices by joining each vertex of the cycle to v. In this section first we
study the Moore-Penrose inverse of the incidence matrix of W,,. We denote the zero vector
and all-ones vector by 0 and 1 respectively. The n x n identity matrix and all-ones matrix
are denoted by I,, and J, respectively.
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Theorem 2.1. Let W,, be the wheel graph on n vertices with the incidence matriz M given

by
17 [ oT ]
M =
el
where C' is the circulant matriz circ(1,0,...,0,1) of order n — 1. The Moore-Penrose inverse

of M s given by
1 21| X
M* =
2<n—1>{—1 Y]’

where X =2(CCT + 1, )" (n -y — Jyq] and Y = J,, 1 + CTX.

Proof. First note that
CcCt + 1,y =cire(3,1,0,...,0,1)

is strictly diagonally dominant and consequently invertible. Let

H:2(n1—1){—21§}’

where X = 2(CCT + I, 1) ' [(n—11,1 —Jy, 4] and Y = J,_; + CTX. We show that
H=M".

L[ 17 |o” 21 | X
i = gy [t e [y
R & T R 5. ¢
C2(n—1) | 2[,.11-C1| [, X +CY ]
1 [2m-1) 1TX}
2(n—1) | 21-21 | X +CY
_ 1 T2 1TX} )
2n—1) O X+CY

Since the row sum of CCT + I,,_; = cire(3,1,0,...,0,1) is 5, 17(CCT + I,,_;) ' = 117
by Proposition 1.1. Then

17X = 27(CCT + I,_) Y [(n — 1)y — Joi]

= 2 (%1T) [(n— 1)1 — Jn_1]

= Zln- 117~ (- )1]

= o7,
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Now we simplify X + CY as follows:

X+CY = X+C(Jp1 +0CTX)
= X+CJ,, +CC"X
= (L1 +CCHX +CJ,
= 2(CCT + 1, )(CCT + I,_1) (n— Dy — Jua] + 2001
= 2n— VI, —2Jp 1 +2J, 1
= 2(n—1)1,,

Putting 17X = 07 and X + CY =2(n — 1), in (1), we get

1 2(n—1) | 0’ _
MH_Q(n—l){ 0 2(n—1)[n1}_1"'

Since MH = I,,, we have MHM = M, HMH = H, and (MH)T = MH. It remains to
show that HM is symmetric.

1 [ 21X 1” |0
HM =
2(n—1) _—1Y} [[nlc}
_ 1 [+ X |XC
T 2(n-1) | 11TV [YC
_ U 2/t X |XC
T 2n—1) | —Jea +Y | YC
1 [ 2,1+ X XC _
- 2(” - ]-) O%X Jn,lC + cr'xeC } (Slnce Y=J,1+ CTX)

To show HM is symmetric, it suffices to show that X is symmetric. Note that COT +
I, is a symmetric circulant matrix and so is (CCT + I,_1)~! by Proposition 1.1. Also
(n—1)I,_y — Jn_1 is a symmetric circulant matrix. Then so is

X =2CCT +1I,) [(n— 11y — Jpi]
as a product of two symmetric circulant matrices.

Thus H = M™. O

Corollary 2.2. In Theorem 2.1, X is a symmetric circulant matriz and Y s a circulant
matriz.

Example 2.3. Consider Wy with vertex and edge labeling given in Figure 1 and its incidence
matrix M. The Moore-Penrose inverse M ™ of M is as follows:
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Figure 1: Wy, the wheel graph on 6 vertices

21 4 =2 0 0 =2

21—2 4 -2 0 0

1111 1/0000 0] 2/ 0 =2 4 -2 0
1000010001 210 0 -2 4 =2
|01 000[1 1000 L1 212 0 0 -2 4
M_0010001100’M_E—133—1 1 —1
00010/001T10 ~1/-1 3 3 -1 1
0000 1/00011, -1/ 1 -1 3 3 -1

i “1|-1 1 -1 3 3
| -1 3 -1 1 -1 3]

Theorem 2.1 does not provide an explicit formula for each entry of M*. To do that, we
use the following result.

Theorem 2.4. [10, Theorem 1] Let n > 3 be an integer and a, b, c real numbers such that
a® > 4bc and b # 0. Except when a+b+c =0, orn is even and a = b+ c,

[circ(a, b,0,0, ...,0,¢)] ! = circ(ag, ar, . .., @n_1),

2122 Z{ Z%
&j = —
b(z1 —z) \ 1 =20 1-—20
for z1, 20 = (—a + Va2 — 4bc) /2c.

Corollary 2.5. The inverse of the circulant matriz circ(3,1,0,...,0,1) of order n > 3 is
given by

where

[cire(3,1,0,...,0,1)]7! = circ(ag, ay, . . ., @n_1),

5
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where

LT (3R (3B o1
VB (=B VE e (Ve T

Proof. Here a = 3 and b = ¢ = 1. By Theorem 2.4,

T 2 2
T bz — ) \1 =2 11—z

where 21,2y = (=3 +£v32—4-1-1)/(2-1) = (=3 £ +/5)/2. Then

<73+\/5> (737\/5) (—34+/5)7 (—3—+/5)
0 = 2 2 27 T
/ 1 (—3+\/5 _ _3_¢3> 1 3HVEr L (3VE)n
2 2 2m 2n
_ T | (3+VEh (23— V)
25 | 9 <2"—(—23n+\/5>”> 9 (2"—(—23n—x/5)n>_
_ L [2(34VEY (8- V)|
V5 |2 (B VB 2 (8- V)|

B

o (S34VE)Y (=3-E)Y
B 2n — (=3 +V5)m  2n — (=3 — /B |

Corollary 2.6. Matriz X in Theorem 2.1 is given by X = circ(bg, by, ..., b,_2) where

2 9ni(n— 1) [ (-3+v5)Y  (=3-B) ]
2n-1 ’

5 Vb
forj=0,1,... , n—2.

st T (VAT 2 (B v

Proof. Recall CCT + I,,_; = circ(3,1,0,...,0,1). Since the row sum of CCT + I,,_; is 5,
(CCT + I, 1)y = %Jn,l by Proposition 1.1. Then

X = 2(CCT +1,)" [(n—l)]n L — Jnd]
= 2[cire(3,1,0,...,0,1)][(n — ) n—1— Jn-1]
= 2(n— 1)[cu~c(3,1,0 5,0, 1)) = 2[cire(3,1,0,...,0,1)] ',y
= 2(n — 1)[circe(3,1,0,...,0,1)]* (éJn_1>
= —g o1+ 2(n — 1)[cire(3,1,0,...,0,1)] .

6
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By the preceding corollary, X = circ(bg, by, ..., b,—o) where

2 2 (=3+Vv5Y (=3 -V5)

bj - _5 + Q(TL 1) \/5 [2n_1 . (_3 + \/5>n_1 on—1 _ (_3 . \/g)n_ll
_ 2 27—y (=3+VvBY (=3-Vh)
-5 N e O R ) = e O

Corollary 2.7. Matriz Y in Theorem 2.1 is given by Y = circ(dy, dy, ..., d,—2) where

g — 1 n 4n—1) | 2" 24 (=3 + \/g)nfz - o2 | (3 \/5)"*2
0= 5 \/5 oan—1 _ (_3 + \/3)an on—1 _ (_3 _ \/S)nfl
and for j =1,2,....n— 2,
Ll 2o [ a8 VE (3= VEY
PTET seVE |2 (BB 2 = (3B

Proof. Consider X = circ(bg, by, ..., b,_2) in Corollary 2.6. Then

Y = J,+C'X
Jn—l + Cil"C(bn_Q + bo, bo + bl, ey bn_g + bn_g)
= CirC(l -+ bn72 -+ b[), 1+ bo -+ b17 ey 1+ bn,3 + bn72>'

Then Y = circe(dy, dy, . .., dn—2) where

dj :1+bj+bj—17 ij,l,...,n—Z (Where b_1 :bn_g).

dO = 1+bn_2+b0
2 20— 1) [ (=3 +v5)" (=3 - VB ]

= 1-Z4

5 V5 o1 _ (=34 /Bl 2n-1 — (=3 — /Byl
2 2 [ 1 - 1 }
5 V5 o[22 — (=34 B)nt 2nl — (=3 — /B)nl
_ 1 A1) (34 VB2 2n? (=3 - B4 2n?
5 V| 2nl — (=3 4+ /B)nt 2nml — (=3 — \/B)n-]
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For j=1,2,...,n—2,

dj - 1+bj+bj71

B e VN B G- ) L e T’ L I
N VB2 = (234 VBt 2t — (23—t b
+2n—j+1(n —1) (=3 + \/g)j—l B (-3 — \/g)j—1 - 2
Vb 2=l — (=345t 2l — (=3Bt 5
_ 1. 2" (n—1) (=3+V5) B (=3 -5y
5 VB2 = (3B 2t — (=3 — VB
+2”‘j(n —1) 2(=3+B)1 2(— — V5!
V5 =1 — (=34 /5)n1  2n-1 — (=3 — \/5)n-
_ 1 2 _(—3+\/5+2)(—3+x/3)j‘1_( 3— V6 +2)(— \/_)
b V5 2 (=3 V)t —(=3- \/_)

1, 291 (VR34 VB (1t ﬁ><—3 — VB!
5 VE | 2= (=34 VBt 2l — (=3 — /)t

. 2 (n—1) | (1+V5)(=1+V5)(=3 + 5y s V5)* (=3 — V5!
5 V5(1+V5) 2n—1 — (=3 4 /5)n! 271 — (=3 —/5)"!

_ L 27 [ A3 VR 234 VE) (3 - VA

-5 VE+5 | 2nl — (=3 + Bt 2nml — (=3 — /B)n-!

_|_
5 5++5

1 27— 1) | 2(=3+ /) (—3 — V/5)
2071 — (=34 Vo)t 2 — (=3 VBt |

Now we study the Moore-Penrose inverse of the signless Laplacian matrix of W,,.

Theorem 2.8. Let W, be the wheel graph on n vertices with the signless Laplacian matriz
Q given by

n—1][17
where B is the circulant matriz circ(3, 1,0, ...,0,1) of order n—1. The Moore-Penrose inverse
of Q is given by

ot — 1 5 —17
4n—1) | =1| Jpoy +2X |7
where X = 2(CCT +1,,_1)7 [(n — 1)1,y — Jy_1] = circ(by, by, ..., by_1) with

2 2“%—1)[ (<3+VB)  (=3—B)
2n1

BEEYT — (3B 2l (3 VB
8

],j:0,1,...,n—1.
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Proof. First note that Q = M M7 for the incidence matrix M of the form

T | OT
M:{l O]’

I,.,| C

where C' is the circulant matrix circ(1,0,...,0,1) of order n — 1. By Theorem 2.1,

L1 21 | X
M _Q(n—l)[—lY ’

where X = 2(CCT + I, 1)t [(n—1)I,_1 — Joq]and Y = J, ; + CTX.

Q+ — (MMT)+
— (M+)TM+
B 1 [ 217 | 17 21 | X
Codn—-1)2 [ XT YT -1]Y
1 i T|_17T
— X o 2)1( YlT ] [ 211 ‘;/( ] (since X is symmetric)
n— -
B 1 (41714171 [ 217X —17Y
oA -1 [ 2X1-YT1| XP+YTY
B 1 [ An-1)+(n-1) |217X —17[J,_; + CTX]
T4 —1)2 [ 2X1—[J,o1 + XCJ1 | X2 +YTy
B 1 [ 5(n —1) 217X — (n—1)17 — 217X
 4(n—1)2 | 2X1—(n—1)1 —2X1]| X24+YTy
B 1 5(n—1) | =(n—1)17
A —12 | —(n—1)1 | X2 +YTY

Now we simplify X2 + Y7TY as follows:

X2 +YTy

= X+ (o +CT XY (1 +OTX)

= X%+ (Jyo1 + XO)(Jp—1 + CTX) (since X is symmetric)

= X2+ J2 4, C"X +XCJ + XOOTX

= (XL, X + XCCT'X) + J:_ + Jur XCT + X J,, 1 C

= X(I,_1 +CONX 4+ (n—1)J,_; (since J,_1 X = XJ,_; =0)

= 2X[(n— DI,y — Jo 1] +(n—1)J,1 (since (CCT + 1, )X =2[(n—1)],, 1 —

= (n—-12X-2XJ,_1+(n—1)J,1 (since XJ,_1 =0)

= (n— D)[Jps +2X]

Jnfl])
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Plugging X% + YTY = (n — 1)[J,_1 + 2X] in (2), we get

. 1 5n—1) | —(n-117
¢ 4(n —1)2 { —(n—1)1 | (n— 1)[Jn1 + 2X] }

B 1 5] —17
Codln—1) | “1]JeaF2X |0
where X is given by Corollary 2.6. O

Example 2.9. Consider Wy with vertex and edge labeling given in Figure 1 and its signless
Laplacian matrix (). The Moore-Penrose inverse QT of @ is as follows:

(5 1 1 1 1 1] [ 5] —-1 -1 —1 -1 —1]
131001 1] 9 =3 1 1 -3
113100 L, 1| -1]-3 9 -3 1 1
Q‘101310’Q_%—11—3 9 —3 1
100131 1] 1 1 -3 9 -3
(1100 1 3| | -1]-3 1 1 -3 9|

3 Oriented incidence and Laplacian matrices

Theorem 3.1. Let W,, be the wheel graph on n vertices with the oriented incidence matriz
N given by
17 | o”
N =
=ite]

where C'is the circulant matriz circ(1,0, ...,0,—1) of order n—1. The Moore-Penrose inverse

of N is given by
11X
+_ =
N _n[O Y]’

where X = (CCT + I,_1) N (Jpoy —nlpy) and Y = —CTX.

Proof. First note that
cCt + 1, ., =cire(3,-1,0,...,0,—1)

is strictly diagonally dominant and consequently invertible. Let

-3

where X = (CCT + 1, 1) (J,_1 —nl,_1) and Y = —CTX. We show that H = N*.

11T o 1] X
¥ [ te] ol
1171 17X
T on| -1 |-X+0Y
_1[n-1] 17X
T n —1—X+C’Y] 3)

—_
o
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Since the row sum of CCT + I,,_; = cire(3,—1,0,...,0,—1) is 1, 17(CCT + I,,_,)™! =

14T _ 1T e
11" =17 by Proposition 1.1. Then

1'X = 17(cCt + I,.1)  (Jo1 — nlpy)
- 1T(<]n—1 - nIn—l)
(n— 117 —n1”
-17.

Now we simplify C'Y — X as follows:

CY - X = C(-0"X)-X

~C0TX - X

—(CcCT +1,.1)X

—(CCT + L) (CCT + L—1) (1 — nly)
= —(Jpo1 —nlyp1)

- nIn—l - Jn—l-

Putting 17X = —17 and CY — X =nl, | — J,_1 in (3), we get

1
NH:—{

n—1] 17 1=t 4T 1
n 1|

-1 ‘ n[nfl - Jnfl

Now we show NHN=N.

NHN = (In— lJn) N
n

= N - lJnN
n
= N (since the column sum of N is 0)

We also show HNH=H.

HNH = H <In - 1Jn>
n
1
= H--HJ,
n

To show H — %HJn = H, we show that H.J,, = O. Note that

=
S
I
—
—
<
[ I
—
[t
S
[t
S
[ I
I

Jn—l + XJn—l ‘ Jn—l + XJn—l
YJn—l ‘ YJn—l
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To show H — %HJH = H, it suffices to show J,_1 + XJ,_.1 =0 and Y J,_1 = O.

Jor+XJpy = Jua+(CCT + L 1) N (Jnt — nlp1)Jn
= Ju1 +(CCT + L) H(n—1)Jpy —ndn1)
= Jua +(CCT + I, 1) (=Jua)
= Jo1— Ju_1 (since the row sum of (CCT + 1, 1) tis 1)

Yoo = —C'XJ,
= ~CT(CCT + I, 1) N(Jny =l 1)y
= —CT(CCT + L) (—Ju1)
= C"J,y

= O (since the row sum of C7 is 0)

Note that NH = I,, — %Jn is symmetric. It remains to show that HN is symmetric.

1[1]X 17 | o”
HN:E_OY}[—L”C]
1 [1n"-Xx|Xxc
T on| Y YC}
[ L X Xc]
n| -Y YC
1
n

[T — X XC
ct'x | -C'XC

To show HN is symmetric, it suffices to show that X is symmetric . Note that CCT +1,,_;
is a symmetric circulant matrix and so is (CCT+1I,,_;)~! by Proposition 1.1. Also J,_1—nl,_;
is a symmetric circulant matrix. Then so is

= (CCT + [nfl)il [Jn,1 — n[n,l]
as a product of two symmetric circulant matrices.

Thus H = NT. [l

Example 3.2. Consider Wy with vertex and edge labeling and edge orientation given in
Figure 2 and its oriented incidence matrix N. The Moore-Penrose inverse N of N is as
follows:

12
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Figure 2: An oriented wheel graph on 6 vertices

1 1 1 1 1 0 0 0 0 0]
T 0 0 0 0] 1 0 0 0 —1
N_| 0 -1 0 0 0/-1 1 0 0 0
0O 0 -1 0 0] 0 -1 1 0 0]
0O 0 0 -1 0/ 0 0-1 1 0
0 0 0 0 -1 0 0 0 -1 1|
[11]-19 -1 5 5 -1
1| -1 =19 -1 5 5
1n| 5 -1 -19 -1 5
1| 5 5 -1 -19 -1
Nb_ L1 -t 5 5 -1 19

66| 0] 18 —18 —6 0 6
0| 6 18 —18 —6 0
0| 0 6 18 —18 —6
o -6 0 6 18 —I8
0[-18 —6 0 6 18|

Theorem 3.1 does not provide an explicit formula for each entry of N*. To do that, we
use the following result.

Corollary 3.3. The inverse of the circulant matriz circ(3,—1,0, ...,0,—1) of order n > 3 is
given by
[cire(3, —1,0,...,0,—1)] ! = circ(ag, ay, . . ., an_1),

where

n—j — J I
2 B-v5/  (3+V5H) —,j=01...,n—1

YT |26V 2 -+

13
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Proof. Here a = 3 and b = ¢ = —1. By Theorem 2.4,

T 2 2
T ob(z — ) \1 =2 11—z

where 21, 2 = (=3 + /32 — 4(—1)(=1))/(2(=1)) = (3 F v/5)/2. Then

(3—\/5 <3+\/5 (3—vE) (3+V/5)7
. 2 2 2j B 2j
J 1 <37\/5 _ 3+\/5> 1 B=vBr BV
O B=VBY (3+VBY
V5 | <—2"—<?;\/5>”> 2i <—2"—(f;+¢5>")

B 2793 — VB))  2779(3+ \/B)
o — (3B 2 — (34 /5)"
(3 V5) (3+/5)7
—B-VE)" 2 =B+

7
on—j
7

Corollary 3.4. Matriz X in Theorem 3.1 is given by X = circ(by, by, ..., b,—2) where

n2”_1_j[ B+vEY (3= V) ]
mn 1

b]:].‘i‘

\/g _ (3+ \/g)n—1 on—1 _ (3_ \/S)n—l
for7=0,1,... ,n—2.

Proof. Recall CCT +1,,_; = cire(3,—1,0,...,0,—1). Since the row sum of CCT +I,,_; is 1,
(CCT + 1I,_1)"*J,_1 = J,_1 by Proposition 1.1. Then

X = (CCT"+ L) Yoy — 0l y)
= [eire(3,-1,0,...,0, =) (Joo1 — nly)
= [cire(3,—1,0,...,0,—=1)] ", — n[cire(3, —1,0,...,0,—1)]*
= J,_1 —ncire(3,-1,0,...,0,—1)] 7.

By the preceding corollary, X = circ(bg, by, ..., by_2) where

b = 1— Cimadl (3—V5) B (3+V/5)7
’ V|20t = (3= VBt 2nt — (34 /)t
BN TR C R (N C et
Vo2t = (34 VE)mt 2n = (3Bt

14
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Corollary 3.5. Matriz Y in Theorem 3.1 is given by Y = circ(dy, dy, . .., d,_o) where

g 22 |BH VO 2 B—ﬁﬁt”1_

V5

and for j =1,2,....n— 2,

2l = 34 VB 2t - (3B

n2n—J

di — —
! 5+5

Proof. Consider X = circ(bg, by, ..., b,_2) in Corollary 3.4. Then

3+ V5)! L 2B VB)i
2 = B4 VE 2 = (3 VA ]

Yy = -C"X
= — CiI"C(bO — bn,Q, bl — bo, vy bn,Q — bnfg)

= CiI‘C(bn_z — b(), bo — bl, ceey bn_g — bn_g).
Then Y = cire(do, dy, . .., d,—2) where

dj = bj,1 — bj, j = O, 1, e, — 2 (Where 1771 = bn,2>.

dy = bpn2—1bo

_ 2 BeVE? (3-VE)
- VB2 = BB 2 - (3 V)t
n2n1

e Ay
N R e T B TG
B+ VB2 —2"2  (3—B)" 2~ 2"—2]

2n

V5

2 =B VET 2 - (3 Ve

15
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For j=1,2,...,n—2,

dj = bj_1—Db
Vh 2= (3B 2n = (3 /B!
o [ B+vB  (3-VBY ]
Vo[ 20 = (3Bt 2n - (3 V)
_op2nmld [ 23+v5)1 2(3— VB! ]
Vo207 = (3Bt 2n - (3 V)
21 [ B+vE  (3-VBY ]
Vh [ 2= (3Bt 2n - (3 V)

N e e T 2l = (3= By

_on2nl :—(1 +V5) 3+ V) (—1+V5)(3— V5!
Vh | 2t =B34 VE)r! 2nt— (3 - VB!

n2 1 [2-B+VE)B+VE' (2-B-VE)E- ﬁ)“]

o2 (VBB VAT Gk V5)(1— V5)(3 - V5!
VE(1++5) | 2771 — (34 /B)n! 2n=1 — (3 — /B)n-1
Com2 L (6+42VB) B+ VBT 43— VB!
5+5 2n=1 — (34 /5)n=1  2n=1 — (3 — \/f)n-1
Il G ) S (G k¥l i
5+5 |21 — (34/B)-t 207l — (3 —/B)n-!
__ 2 B+Vvo)y 28— vE!
546 |20t — (3+ /Bt 2nml — (3 — /)t |

Now we study the Moore-Penrose inverse of the Laplacian matrix of W,,.
Theorem 3.6. Let W,, be the wheel graph on n vertices with the Laplacian matriz L given

by
n—1|-17
L= "]

where B is the circulant matriz circ(3,—1,0,...,0, —1) of order n — 1. The Moore-Penrose
inverse of L is given by
P O I U I &
n2 -1 ‘ —Jnfl —nX ’
where X = (CCT + I,, 1) [Jo_1 — nl,,_1] = circ(by, by, ..., by_1) with

16
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h—14 "2 B+vo)y  B-VhY
’ VB [2t = BV 2 - (3 V)

Proof. First note that L = NN for the incidence matrix N of the form

T T
N:{_l 0}7

],j:(),l,...,n—l.

I,..| C

where C' is the circulant matrix circ(1,0,...,0,—1) of order n — 1. By Theorem 3.1,

-]

where X = 2(CCT + 1I,,_1) ' [Joo1 —nl, 4] and Y = —CT X,

It = (N+)TN+

L1t jo 11X
TR [ XTIYT| o]y
Lr17jo" J11]X
n2 | X |[YT||lo]Y
1 [171] 17X
n? | X1 |XX+YTY
L[n-1] -7
n?| -1 |[XX+YTY

} (since X is symmetric)

] (since 17X = —17 and X1 = —1) (4)

Now we simplify XX + YTV as follows:

XX4+YY = XX - XO(-0TX)
= X1, 1 X +X0CTX
= X(COT +1,.1)X
= X(COT + I, ) (COT + I,_1) (Juos — nlpy)
= X(Jp1 —nl,_ 1)

= —dJdp—1 — nX
Plugging XX + YTY = —J, ;1 —nX in (4), we get
o L[n-1] 17
n?2| -1 \ —Jp1—nX |’
where X is given by Corollary 3.4. m
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Example 3.7. Consider Wy with vertex and edge labeling given in Figure 2 and its Laplacian
matrix L. The Moore-Penrose inverse Lt of L is as follows:

5/—-1 -1 —1 —1 —1] 55| —11 —-11 —-11 —-11 -—11

-1/ 3 -1 0 0 -1 —11| 103 -5 —41 —41 -5

I _ -1/-1 3 -1 0 0 +_ 1} =11 =5 103 -5 —41 —41

-1 0 -1 3 -1 0| 7 396 | —-11|—-4 -5 103 -5 —41

-1/ 0 0 -1 3 -1 —11|—-41 —-41 -5 103 =5

| —-1|/-1 0 0 -1 3| | —11| -5 —41 —41 -5 103 |
Acknowledgments

The authors would like to thank the anonymous reviewer for the quick review.

Re
[1]

2]

[10]

ferences

A. Azimi and R.B. Bapat, Moore-Penrose inverse of the incidence matriz of a distance
reqular graph, Linear Algebra Appl. 551 (2018) 92-103.

R. Balaji, R.B. Bapat, and Shivani Goel, An inverse formula for the distance matriz of a
wheel graph with an even number of vertices, Linear Algebra Appl. 610 (2021) 274-292.

R.B. Bapat, Moore-penrose inverse of the incidence matriz of a tree, Linear and Multi-
linear Algebra 49 (1997) 159-167.

A. Azimi, R.B. Bapat, and E. Estaji, Moore-Penrose inverse of incidence matriz of
graphs with complete and cyclic blocks, Discrete Mathematics 342 (2019) 10-17.

A. Ben-Israel and T.N.E. Greville, Generalized inverses: theory and applications, Wiley-
Interscience, 1974.

Dragos Cvetkovi¢, Peter Rowlinson, and Slobodan K. Simié¢, Signless Laplacians of finite
graphs, Linear Algebra Appl. 423 (2007) 155-171.

Keivan Hassani Monfared and Sudipta Mallik, An analog of matrix tree theorem for
signless Laplacians, Linear Algebra Appl. 560 (2019) 43-55.

Ryan Hessert and Sudipta Mallik, Moore-Penrose inverses of the signless Laplacian and
edge-Laplacian of graphs, Discrete Mathematics 344 (2021) 112451.

Ryan Hessert and Sudipta Mallik, The inverse of the incidence matriz of a unicyclic
graph, Linear and Multilinear Algebra 71 (4) (2023) 513-527.

S. R. Searle, On inverting circulant matrices, Linear Algebra Appl. 25 (1979) 77-89.

18



Ipsen et al./ American Journal of Combinatorics 2 (2023) 1-19

[11] Yuji Tjiri, On the generalized inverse of an incidence matrix, Jour. Soc. Indust. Appl.

Math., 13(3):827-836 (1965).

Contact Information

Jerad Ipsen Department of Mathematics and Statistics
jlid2@nau.edu Northern Arizona University
801 S. Osborne Dr. PO Box: 5717, Flagstaff, AZ 86011, USA

Sudipta Mallik Department of Mathematics and Statistics

sudipta.mallik@nau.edu Northern Arizona University
801 S. Osborne Dr. PO Box: 5717, Flagstaff, AZ 86011, USA

19



