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Abstract

A new tree model is introduced based on ordered trees, by distinguishing exactly
one child of each node that has children. The basic enumeration leads to a cubic
equation of the generating function. The extraction of its coefficients can be done
using the Lagrange inversion formula. Various parameters that are commonly studied
for ordered trees can also be addressed here, like degree of the root, number of leaves,
number of old leaves, height, height of leftmost leaf, and pathlength. We go through
these instances and leave further parameters to later research, by either the author
or some readers. Dealing with cubic equations is essential. Finally, ordered trees
are replaced by marked ordered trees; they are then combined with the concept of
distinguished children. Only the basic enumeration is provided at that stage.

1 Old and young leaves and the present paper

Plane trees (ordered trees) have a root and a sequence of k ≥ 0 subtrees, which are (re-
cursively) plane trees. The enumeration is with the respect to the number of nodes or
(equivalently) the number of edges and leads to a prominent structure related to Catalan
numbers. Leaves are nodes that have no successors. By agreement, the tree just consisting
of one node is not considered as a leaf. The enumeration with respect to nodes and leaves
leads to Narayana numbers. A further refinement is due to Chen, Deutsch, and Elizalde [1]:
Leaves that are the leftmost child of its parent is called old, all the other leaves are called
young.

Just for interest, we sketch the basic generating function, involving the count of edges,
old resp. young leaves, using the three variables z, u, v in that order:

F = F (z, u, v) = 1 + z(F − 1 + u)
∑
k≥0

(z(F − 1 + v))k

= 1 +
z(F − 1 + u)

1− z(F − 1 + u)
,
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Figure 1: All 5 ordered trees with 4 nodes and the old leaves marked in red.

hence

F =
1 + z − uz −

√
1− 2(1 + v)z + ((1 + v)2 − 4u)z2

2z
.

If v = u (no distinction between old resp. young), the equation simplifies to

F =
1 + z − uz −

√
1− 2(1 + u)z + (1− u)2z2

2z
.

Chen, Deutsch, and Elizalde [1], using the Lagrange inversion formula, manage to extract
the coefficients of znuivj (n edges, i old leaves, j young leaves) in nice form, and derive many
further properties. The instance of v = u leads to the enumeration of all leaves and thus to
the celebrated Narayana numbers.

A related concept is as follows: instead of considering leaves (or equivalently, the edges
leading to a leaf), we consider all edges and single out those edges that are the leftmost
edges of its parent. A small example explains this: The enumeration with respect to the

Figure 2: All 5 ordered trees with 4 nodes and each leftmost edge marked in red.

number of nodes (z), old edges (u) and young edges (v) is not hard. The coefficient of znuivj

is of interest; note that for n nodes, the number of young edges is j = n− 1− i, so we can
ignore the variable v.

The generating function F (z, u) is then

F (z, u) = z + zu
F (z, u)

1− F (z, u)
= zΦ(F (z, u)),

with Φ(y) = 1 + uy
1−y

, where we consider u to be a dummy parameter. We can use the
Lagrange inversion formula:

[zn]F (z, u) =
1

n
[yn−1]Φ(y)n
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and further

[znuk]F (z, u) =
1

n
[yn−1][uk]

(
1 +

uy

1− y

)n

=
1

n
[yn−1]

(
n

k

)( y

1− y

)k

=
1

n
[yn−1−nk]

(
n

k

)( 1

1− y

)k

=
1

n

(
n

k

)(
n− 1

n− 1− kn

)
=

1

n

(
n

k

)(
n− 1

kn

)
.

We may note as well that

F (z, u) =
1 + z(1− u)−

√
1− 2(1 + u)z + (1− u)2z2

2
.

After these introductory and motivating remarks we now come to the main tree model
in this paper: instead of considering the (unfair) model of one edge being old and the others
being young we consider a fair model: exactly one edge emanating from each node that is
not a leaf is distinguished. The total number of such trees with n nodes is than naturally
higher than the usual Catalan number.

Figure 3: All 10 ordered trees with 4 nodes and exactly one (distinguished) child marked in
red.

The rest of this paper is devoted to a thorough analysis of such trees with distinguished
children.

2 Trees with distinguished children

We use the generating function A(z) for such trees, where z marks the number of nodes.
Then

A = z + zA
∑
i≥0

Ai
∑
j≥0

Aj = z + zA
∑
k≥0

(k + 1)Ak = z +
zA

(1− A)2
,

which falls again into the regime of the Lagrange inversion formula;

A = zΦ(A), Φ(A) = 1 +
A

(1− A)2
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and therefore

[zn]A =
1

n
[An−1]Φn(A) =

1

n
[An−1]

(
1 +

A

(1− A)2

)n

=
1

n
[An−1]

n∑
k=0

(
n

k

)
Ak

(1− A)2k
=

1

n

n∑
k=0

(
n

k

)
[An−1−k]

1

(1− A)2k

=
1

n

n∑
k=0

(
n

k

)(
n− 2 + k

n− 1− k

)
=

1

n

n∑
k=1

(
n

k

)(
2n− 2− k

k − 1

)
.

The sequence is 1, 1, 3, 10, 37, 146, 602, 2563, 11181, 49720, 224540, which is A109081 in [7];
the description contains many references as well.

We are also interested to additionally label leaves with an additional variable u; then

A = zΦ(A), Φ(A) = u+
A

(1− A)2

and

[zn]A =
1

n
[An−1]Φn(A) =

1

n
[An−1]

(
u+

A

(1− A)2

)n

=
1

n
[An−1]

n∑
k=0

(
n

k

)
un−k Ak

(1− A)2k
=

1

n

n∑
k=0

(
n

k

)
un−k[An−1−k]

1

(1− A)2k

=
1

n

n∑
k=0

(
n

k

)
un−k

(
n− 2 + k

n− 1− k

)
=

1

n

n∑
k=1

uk

(
n

k

)(
2n− 2− k

k − 1

)
;

further

[znuj]A =
1

n
[An−1]Φn(A)

= [uj]
1

n

n∑
k=1

uk

(
n

k

)(
2n− 2− k

k − 1

)
=

1

n

(
n

j

)(
2n− 2− j

j − 1

)
.

Now we move to the asymptotics of this sequence. The individual steps can be seen
following the analysis of simply generated families of tree, see e. g., [3]:

A = zΦ(A), Φ(A) = 1 +
A

(1− A)2
,

Φ(τ) = τΦ′(τ), −1 + 3τ − τ 2 + τ 3 = 0,

τ = 0.3611030805; ρ =
τ

Φ(τ)
= 0.1916025857.

We can throw in another variable, and consider

A = zu+
zA

(1− A)2
.
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Then the coefficient of znuk in A(z, u) is the number of trees with distinguished children,
and n is the number of nodes, and k is the number of leaves. This is the equivalent of
the Narayana generating function related to the tree family. We start with the functional
equation

A = zΦ(A), Φ(A) = u+
A

(1− A)2

and continue

[zn]A =
1

n
[An−1]Φn(A) =

1

n
[An−1]

(
u+

A

(1− A)2

)n

=
1

n
[An−1]

n∑
k=0

(
n

k

)
un−k Ak

(1− A)2k
=

1

n

n∑
k=0

(
n

k

)
un−k[An−1−k]

1

(1− A)2k

=
1

n

n∑
k=0

(
n

k

)
un−k

(
n− 2 + k

n− 1− k

)
=

1

n

n∑
k=1

uk

(
n

k

)(
2n− 2− k

k − 1

)
.

Hence the number of (new) trees with n nodes and k leaves is given by

[znuk]A(z, u) =
1

n

(
n

k

)(
2n− 2− k

k − 1

)
.

Now we move to the average number of leaves;

∂

∂u
A(z, u) =

zA(z, 1)2 − 2zA(z, 1) + z

3A(z, 1)2 − 2(2 + zu)A(z, 1) + 1− z + 2zu
.

B(z) :=
∂

∂u
A(z, u)

∣∣∣
u=1

=
zA(z, 1)2 − 2zA(z, 1) + z

3A(z, 1)2 − 2(2 + z)A(z, 1) + 1 + z
.

The quantity A(z, 1) can be eliminated according to its equation, and one finds

−z + z(z + 5)B(z) + (−4 + 20z + 4z2 + 3z3)B(z)2 + (−4 + 20z + 4z2 + 3z3)B(z)3 = 0.

Around z = ρ, as is known for simply generated trees, see [3]

A ∼ τ

√
2Φ(τ)

Φ′′(τ)

√
1− z

ρ

and

[zn]A ∼

√
Φ(τ)

2πΦ′′(τ)
ρ−nn−3/2.

We replace A by τ − 0.3646859471

√
1− z

ρ
in B(z) to get an approximation around z = ρ.

First

B(z) =
z(6z + 2z2 − 6A2 + 10A+ 4zA2 − 2zA− Az2 − 4)

−4 + 20z + 4z2 + 3z3
;
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we start with denominator

−4 + 20z + 4z2 + 3z3 ∼
(
1− z

ρ

)
(−3ρz2 − 4ρz − 3ρ2z − 20ρ− 4ρ2 − 3ρ3)

∼ −4.189050369
(
1− z

ρ

)
;

then we consider the numerator:

z(6z + 2z2 − 6A2 + 10A+ 4zA2 − 2zA− Az2 − 4) ∼ −.4052983049

√
1− z

ρ
.

Combined

B(z) ∼
−.4052983049

√
1− z

ρ

−4.189050369
(
1− z

ρ

) ∼ 0.096751833769
(
1− z

ρ

)−1/2
.

We will use the classical transfer formulae, see [4]

c(1− z)−β =⇒ c

Γ(β)
nβ−1, c(1− z/ρ)−β =⇒ c

Γ(β)
nβ−1ρ−n.

Applying this leads to

[zn]B(z)

[zn]A(z)
∼

[zn](0.096751833769
(
1− z

ρ

)−1/2

[zn]
(
.3611030805− .3646859471

√
1− z

ρ

)
∼

[zn]0.096751833769
(
1− z

ρ

)−1/2

[zn]
(
−.3646859471

√
1− z

ρ

)
∼ −.2653017878

[zn](1− z)−1/2

[zn]
√
1− z

∼ −.2653017878

1
Γ(1/2)

n−1/2

1
Γ(−1/2)

n−3/2

∼ 0.5306035756n.

For classical ordered trees the corresponding answer is ∼ n/2, so we have slightly more
leaves, on average for the new tree model.

Now we move the (average) height of the new tree family. No new considerations are
necessary, since the paper by Flajolet and Odlyzko [4] deals with simply generated families
of trees. The relevant quantities are√

2

ϕ(τ)ϕ′′(τ)
ϕ′(τ) ·

√
πn = 1.009922004

√
πn;
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we might compare this with the average height of ordered trees, which is asymptotic to
√
πn.

So the average height in the new model is slightly higher.
The next parameter of interest is the degree of the root. We go back to the defining

equation of A(z),

A = z +
zA

(1− A)2
= z + z

∑
k≥1

kAk

and use an additional parameter w, to count the degree of the root:

F (z, w) = z + z
∑
k≥1

kwkAk = z + z
wA

(1− wA)2
.

Eliminating A, one can find an algebraic equation for F of order 3, which is a bit long; we
will only consider the average of our parameter, in other words, we differentiate w.r.t. w,
and set w = 1. We obtain:

z
∑
k≥1

k2Ak =
zA(A+ 1)

(1− A)3
∼ .361103078− 1.079796775

√
1− z

ρ
.

Comparing this with

A ∼ .3611030805− .3646859471

√
1− z

ρ

we find that the average degree of the root tends to the constant

−1.079796775

−.3646859471
= 2.960894939.

In the classical case of ordered trees, that constant is just 2 (see [6]), so it is slightly higher
here.

The next parameter to be studied is the height of the left-most leaf. For that, we introduce
again a second variable w, measuring just the height of the left-most leaf;

F = zw +
∑
j≥1

jwzFAj−1 = zw + zwF
∑
j≥1

jAj−1 = zw + zwF
1

(1− A)2
;

solving

F =
zw(1− A)2

1− zw − 2A+ A2
.

Differentiating w.r.t. w, followed by w = 1:

z(1− A)4

1− z − 2A+ A2
=

A2

z
∼ .6805515397− 1.374607951

√
1− z

ρ
.

Thus the height of the left-most leaf tends to the constant

−1.374607951

−.3646859471
= 3.769292351.
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Now we move to the pathlength, which is the sum of the distances, summed over all nodes
in the new family. Again, an additional variable is used to keep track.

F (z, w) =
∑
n,k≥1

pn,kz
nwk

= zw +
∑
j≥1

jzw
(∑
n,k≥1

pn,k(zw)
nwk

)j

= zw + zw
F (zw,w)

(1− F (zw,w))2
.

Compare this with the classical case in [5], where there is no square in the denominator.
One can use the Lagrange inversion formula to pull out coefficients, since

F = zΦ(F ), Φ(y) = w + w
y

(1− y)2
,

and

[zn]F =
1

n
[F n−1]

(
w + w

F

(1− F )2

)n

=
wn

n
[F n−1]

(
1 +

F

(1− F )2

)n

;

something could be written out, but since it is not too pleasant, we won’t do it.
We can compute the average pathlength. In order to work with implicitly defined func-

tions, we must count nodes; the distance we measure in terms of the number of edges. Then

F (z, u) = z +
∑
k≥1

kzkF k(zu, u) = z +
zF (zu, u)

(1− zF (zu, u))2
.

Differentiate this w.r.t. u, followed by u := 1, using

∂F (z, u)

∂u
= Y,

∂F (xu, u)

∂x

∣∣∣∣
x=z,u=1

= A′(z),
∂F (zu, v)

∂v

∣∣∣∣
v=1,u=1

= Y.

Solving and simplifying, we get

Y = −2zA(z)2 − 2A(z)2 + zA(z) + z2A(z) + 2A(z) + z2 − 2z

3z3 + 4z2 + 20z − 4
;

the series expansion start with

Y = z2 + 7z3 + 41z4 + 230z5 + 1261z6 + 6824z7 + 36627z8 + 195504z9.

The denominator factors:

3z3 + 4z2 + 20z − 4 = (z − ρ)(3z2 + (4 + 3ρ)z + 20 + 4ρ+ 3ρ2)

∼ −
(
1− z

ρ

)
4.189050371.
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The coefficient of zn is asymptotic to 4.189050371ρ−n. For the numerator, we find the
approximation −.3857113818 thus

Y ∼ −.3857113818

−
(
1− z

ρ

)
4.189050371

=
0.09207609067

1− z
ρ

;

the coefficient of zn in Y is asymptotic to 0.09207609067ρ−n. This has to divided by the
total number of objects of size n. Recall that this was

∼ −1.079796775[zn]

√
1− z

ρ
∼ −1.079796775

1

Γ(−1
2
)
n−3/2ρ−n = 0.3046050464n−3/2ρ−n.

Taking quotients, we find the average pathlength to be asymptotic to

0.09207609067ρ−n

0.3046050464n−3/2ρ−n
= 0.3022802536n3/2.

Counting of old leaves (leftmost children), as in [1] for the classical case: In our model of
distinguished edges, we look at old leaves (the total number of leaves) was already considered.
The one node tree has by definition one node, one old leaf and zero young leaves. Recall
that

A(z, u) = zu+ zA(z, u)
∑
k≥0

(k + 1)A(z, u)k

when u marks all leaves; we use two variables u, v for old versus young leaves. Then

A(z, u, v) = zu+ z
∑
k≥1

kA(z, u, v)(A(z, u, v)− zu+ zv)k = zu+
zA(z, u, v)

(1− A(z, u, v) + zu− zv)2
.

We leave further analysis of the generating function to the interested reader. It would be
more appealing to set v = 1, so one would only count old leaves and do not care about the
young leaves. Then one would have to analyze

A(z, u) = zu+
zA(z, u)

(1− A(z, u) + zu− z)2
.

The Lagrange inversion formula is perhaps not immediately available, but A(z, u) satisfies
an algebraic equation of order 3, and one can work out asymptotics for the average number
of old leaves. We compute

∂A(z, u)

∂u

∣∣∣
u=1

= −z(A2(z) + 2zA2(z) + 2A2(z)z2 − 2A(z)− 12A(z)z − 5A(z)z2 − 2z3A(z)− 14z − 2z3 + 4)

−4 + 20z + 4z2 + 3z3

where A(z) stands for A(z, 1). As was already computed,

−4 + 20z + 4z2 + 3z3 ∼ −21.86322464
(
1− z

ρ

)
.
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Together with the expansion of the denominator,

∼
−.1902455753

√
1− z

ρ

−21.86322464
(
1− z

ρ

) =
0.008701624689√

1− z
ρ

.

By transfer, the coefficient of zn is asymptotic to

0.008701624689
1

Γ(1
2
)
n−1/2ρ−n.

This has to be divided by the asymptotic equivalent of the total number of object of size n,
viz. −1.079796775 1

Γ(− 1
2
)
n−3/2ρ−n, so we get

0.008701624689 1
Γ( 1

2
)
n−1/2ρ−n

−1.079796775 1
Γ(− 1

2
)
n−3/2ρ−n

=
0.008701624689 1

Γ( 1
2
)
n

−1.079796775 1
Γ(− 1

2
)

= 0.01611715258n.

This is the asymptotic equivalent of old leaves in the new tree model, assuming that all
objects of n nodes are equally likely.

3 Marked ordered trees

In [2] we find the following variation of ordered trees. Each rightmost edge might be marked
or not, if it does not lead to an endnode (leaf). We depict a marked edge by the red color
and draw all of them of size (4 nodes):

Figure 4: All 10 marked ordered trees with 4 nodes.

Now we move to a symbolic equation for the marked ordered trees:

A = +

A · · · A A

+

A · · · A A \ {◦}

Figure 5: Symbolic equation for marked ordered trees, A · · ·A refers to ≥ 0 copies of A .
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In terms of generating functions,

A(z) = z +
z

1− A(z)
z +

z

1− A(z)
2(A(z)− z),

with the solution

A(z) =
1− z −

√
1− 6z + 5z2

2
= z + z2 + z3 + z3 + 10z4 + 36z5 + · · · .

The importance of this family of trees lies in the bijection to skew Dyck paths, as given
in [2]. One walks around the tree as one usually does and translates it into a Dyck path.
The only difference are the red edges. On the way down, nothing special is to be reported,
but on the way up, it is translated into a skew step (−1,−1). The present author believes
that trees are more manageable when it comes to enumeration issues than skew Dyck paths.

The 10 trees of Figure 3 translate as follows:

Now we combine the concepts ‘marked ordered trees’ and ‘distinguished children’ by
distinguish exactly one child of each node in a marked ordered tree. First, to clarify, we
provide an example.

Figure 6: All 17 marked ordered trees with 4 nodes and one edge distinguished (dotted)

As before, we start from

A(z) = z +
∑
k≥1

A(z)k +
∑
k≥1

A(z)k−1(A(z)− z)
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from the old model and get

A(z) = z +
∑
k≥1

kA(z)k +
∑
k≥1

kA(z)k−1(A(z)− z)

in the new model. This means

A = z +
zA

(1− A)2
+

z(A− z)

(1− A)2
.

The algebraic equation of interest is −A3 + 2A2 − A + zA2 + z − z2 = 0; the power series
expansion starts as

A(z) = z + z2 + 4z3 + 17z4 + 78z5 + 378z6 + 1906z7 + 9901z8 + 52630z9 + 284926z10 + · · ·

The number 17 (in bold) refers to the 17 objects of 4 vertices in the previous example.
Further investigations of parameters in this interesting tree model (marked, distinguished)

are left to interested reader and/or future research. The sequence 1, 1, 4, 17, 78, . . . is not in
the encyclopedia of integer sequences.

4 Concluding remarks

The major contribution of this paper is the introduction of the model of distinguished children
and its variants. The author hopes that interested readers will pick up the subject and
contribute some more elaborate analysis on various aspects.
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