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Abstract

We show that all stack-sorting polytopes are simplices. Furthermore, we show that
the stack-sorting polytopes generated from permutations of the form Lnl have relative
volume 1. We establish an upper bound for the number of lattice points in a stack-
sorting polytope. In particular, stack-sorting polytopes generated from permutations of
the form 2Lnl have no interior points.

1 Introduction

A stack is a data structure that only allows the most recently input element to be output.
Donald Knuth first popularized the idea of sorting a permutation by storing its values on a
stack [10]. Twenty-two years later, Julian West introduced a deterministic approach: the
stack-sorting algorithm [14]. One pass of the stack-sorting algorithm has time complexity
O(n), but the algorithm is not guaranteed to fully sort a permutation in ascending order. So,
after we pass a permutation through the algorithm, we pass the sorted result through the
algorithm again. If we repeat this, the permutation will be sorted in ascending order after at
most n — 1 iterations of the algorithm. We will discuss the stack-sorting algorithm in depth
in Section 2.

In [11], Lee, Mitchell, and Vindas-Meléndez analyzed the geometry of stack-sorting
polytopes. To generate a stack-sorting polytope from a permutation of numbers 1 through n,
we repeatedly pass the permutation through the stack-sorting algorithm. Then, we consider
these input and output permutations as a set of points. The convex hull of these points will
be a stack-sorting polytope, a subset of the permutahedron in R".

In this paper, we continue the study of stack-sorting polytopes. We provide some
computational results on the stack-sorting algorithm. Then, we focus on the geometry and
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volumes of stack-sorting polytopes. We also discuss the interior lattice points of stack-sorting
polytopes. We conclude by utilizing triangulations to study the lattice points of these
polytopes.

In Section 2, we give an overview of the stack-sorting algorithm, convex lattice polytopes,
and stack-sorting polytopes. In Section 3, we prove that all stack-sorting polytopes are
simplices, which we state in Theorem 3.3.

Theorem 3.3. Let w € &, be exactly k-stack-sortable. Then, A := conv(S™) is a k-simplex.
In Section 4, we give the volume of all Lnl simplices.
Theorem 4.6. Let 7 be an Lnl permutation. The relative volume of A = conv(S™) is 1.

In Section 5, we study the lattice points of stack-sorting polytopes. We give an upper
bound for the number of lattice points in a stack-sorting polytope generated by an Lnl
permutation. We briefly discuss triangulations of stack-sorting polytopes. We also show that
stack-sorting polytopes generated by 2Lnl permutations are hollow in Proposition 5.2.

Proposition 5.2. Let w € &, be of the form 2Ln1, where L is any permutation of {3, 4, ..., (n—
1)}. The simplex A := conv(S™) is hollow. In particular, any non-vertex lattice point of A
lies on the facet formed by the convex hull of S™ \ {e}.

In Section 6, we conclude by giving questions, conjectures, and areas of future research.

2 Background and preliminaries

In this section, we provide some necessary background for studying stack-sorting polytopes.
We begin with the stack-sorting algorithm. This algorithm has been widely studied in
combinatorics, computer science, probability, and polyhedral geometry; for example, see
[3-9,11,12].

2.1 Stack-sorting algorithm

The stack-sorting algorithm takes a permutation @ € &, of the numbers 1 through n as
input. The purpose of the algorithm is to sort these numbers in increasing order. We denote
the identity permutation by e = 123--- n.

Before we discuss the stack-sorting algorithm, we must define a stack. A stack is commonly
referred to as a “last in, first out” data structure. A stack outputs its values in the opposite
order to which they are input.

We refer to inputting a value into a stack as a push, and we refer to outputting a value
from the stack as a pop. We call the most-recently-input element of the stack the top element,
t.

Now, we define the stack-sorting algorithm.

Definition 2.1. The stack-sorting algorithm on a permutation 7 is defined in West’s
thesis [14]. We start with an empty stack and a permutation 7 = mym, - - - 7,, and we iterate
through the elements of 7r, from left to right. For each element 7:
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e We compare m, to the value at the top of the stack, t.

e While 7, is greater than t, we pop t from the stack into our output. We repeat this
step until 7y is less than t, or until the stack is empty.

e Once 7, is less than t, or once the stack is empty, we push m, onto the stack and repeat
the process with 7, 1.

Finally, once we have iterated through all elements of 7, we pop the remaining values on the
stack. We call the resulting permutation s(r).

It is important to note that all elements of 7 will be pushed onto the stack and popped
into the output. Also note that the stack is always strictly decreasing.

We illustrate this process with an example.

Example 2.2. We pass m = 231 through the stack-sorting algorithm. We begin by pushing
the first element of 7, 2, onto the stack.

() (21301 [3[1]

)

Now, we consider the next element of 7, 3. We see 3 is greater than the top element of
the stack, 2. So, we pop 2.

(i) [3[1] 2] 131

The stack is empty, so we push 3.

(il 31 L2 1]

Now, we consider the next (and final) element of 7, 1. We see 1 is less than the top
element of the stack, 3. So, we push 1.

(iv)[2] f—m 2]

.

Now that we have iterated through the permutation, we pop the values that are in the
stack.
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(v)[2] 1 [2[1]

1]

3] 3

(vi)@ﬂl 2[1[3
3]

This gives us s(7) = 213.

As we see in Example 2.2, the stack-sorting algorithm does not always fully sort a
permutation in ascending order. We can pass s(7) through the algorithm again, yielding
s(s(m)), or s?(m). We continue applying the algorithm until our permutation is fully sorted.
A permutation of length n will be sorted in ascending order after at most n — 1 iterations of
the stack-sorting algorithm.

Definition 2.3. Given a permutation w € &,,, if s“(7) = e = 123--- n, then 7 is k-stack-
sortable. If this is the smallest value k for which & is k-stack-sortable, then 7 is ezactly
k-stack-sortable.

Let 8™ be the set, including 7r, of permutations resulting from subsequent passes of 7
through the stack-sorting algorithm. That is, S™ = {m, s(=), 52(71'), ...,e}. We illustrate S™
with an example.

Example 2.4. Let m = 3241. Then, s(w) = 2314, s?(w) = 2134, and s3(w) = 1234. So,
S™ = {3241, 2314, 2134, 1234}.

We study S&™ further when we discuss stack-sorting polytopes.

2.2 Permutations ending in ascending or descending subsequences

We now present results on the stack-sorting algorithm. We start by exploring permutations
ending in an ascending sequence. We denote these permutations as w = AB, where A and B
are subsequences of 7w and B is in ascending order.

Proposition 2.5. Let 1 = AB € &,, where B is some ascending sequence. Then, 7 is
| A|]-stack-sortable.

Proof. We proceed by strong induction on |A].

For the |A| = 0 case, m = e, so s°(7w) = w =e.

Now, assume that s/(7) = e for |A| < k. We show that s(7) = e for |A| = k.

Consider the stack-sorting algorithm on 7. First, the algorithm iterates through the
values in A. When the algorithm considers the first element of B, there will be at least one
value of A on the stack.

The stack is strictly decreasing, so the smallest value on the stack is its top value, t. Also,
B = by1b, - - - b, is strictly increasing, so the smallest value of B is its first value, b;.
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Now, consider two cases. If by > t, then t will be the next value popped. Otherwise,
b; < t, and b; will be pushed. Then, the algorithm will consider by, which is greater than b;.
So, b; will be the next value popped. Either way, the next value popped is smallest of the
remaining elements.

Now, we again have a strictly decreasing stack and a strictly increasing sequence. So,
the next value popped will be the next smallest, and so forth. In this manner, all of the
remaining elements will be popped in ascending order, and s(7) ends in a strictly longer
increasing sequence than 7. That is, s(7) can be written as AB, where B is increasing and
Al < k.

By the inductive hypothesis, s(7) is (k — 1)-stack-sortable. So, 7 is k-stack-sortable. [

We illustrate Proposition 2.5 with an example.

Example 2.6. The permutation @ = 2451367 can be broken into A = 245 and B = 1367,
where |A| = 3. We have s(7) = 2413567. Note how the value 5 is inserted into the sequence
B = 1367. Next, we have s?(m) = 2134567. Here, 4 is inserted into the sequence 13567.
Finally, we have s3(w) = 1234567. So, w = 2451367 is 3-stack-sortable.

Remark 2.7. Note that by a similar proof to Proposition 2.5, we have that m is exactly
|Al-stack-sortable if and only if A ends with its largest value, and B begins with 1.

Next, we explore permutations ending in a descending sequence. Again, we denote these
permutations as w = AB. Now, B is in descending order.

Corollary 2.8. Let m = AB € &,,, where B is a descending sequence. Then, 7 is (JA| + 1)-
stack-sortable.

Proof. Consider the stack-sorting algorithm on 7. First, the algorithm iterates through the
values in A. When the algorithm reaches the first element of B, by, this element will at some
point be pushed onto the stack. Then, the other values will be pushed onto the stack on top
of by, since B is strictly decreasing. So, the output will end in the values of B (and possibly
some values of A) in increasing order.

Now, after one iteration of the stack-sorting algorithm, s(7r) can be written as A'B’, where
B’ is some ascending sequence and |A’| < |A|. So, by Proposition 2.5, s(7r) is |A’|-stack-sortable.
So, 7 is (JA| + 1)-stack-sortable. O

We illustrate Corollary 2.8 with an example.

Example 2.9. The permutation 7w = 7541632 can be decomposed into A = 7541 and B = 632,
with |A| = 4. We have s(m) = 1452367, s?(w) = 1423567, and s3(w) = 1234567. Hence, 7 is
3-stack-sortable.

Remark 2.10. Note that by a similar proof to Corollary 2.8, and using Remark 2.7, 7 is
exactly (|A| 4+ 1)-stack-sortable if and only if B starts with n and ends with 1.

We will discuss stack-sorting algorithm and stack-sorting polytopes further in Subsections
2.4 and 2.5.
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2.3 Convex lattice polytopes

This subsection provides background on convex lattice polytopes and their discrete
geometry. For more information on polytopes, see [15].
The convex hull of a set of points S, conv(S), is the smallest convex set containing S. A
convez polytope P is the convex hull of a finite set S = {xq, ..., Xk }:

K k
P = conv(S) := {Z Aix; © A € Rs where Z/\; = 1} .
i=1 i=1

(0,1)

00l (10

Figure 1: The convex hull of the set {(0,0),(1,0),(0,1)}.

A convex lattice polytope is a convex polytope whose vertices are lattice points. For the
rest of the paper, all polytopes discussed will be convex lattice polytopes, unless otherwise
specified.

The affine span of a polytope P, span(P), is the smallest affine space that contains P:

span(P) = {x+ Ay — x) : x,y € P, A € R}.

The dimension of a polytope P is the dimension of span(P).

We call a polytope with dimension d a d-polytope. If a polytope in R” has dimension n,
we refer to it as full-dimensional. A d-polytope P must contain at least d + 1 vertices. If P
contains exactly d + 1 vertices, we refer to P as a simplex. For instance, the 2-simplex is a
triangle.

Now, we describe the volumes of polytopes. We denote the Euclidean volume of polytope
P as EVol(P).

Definition 2.11. The relative volume of a polytope P, vol(P), is the Euclidean volume of
P, normalized to span(P).

We can compute the relative volume of P by computing its Euclidean volume, then dividing
by the Euclidean volume of a fundamental parallelepiped. A fundamental parallelepiped of
an affine space is a parallelepiped whose generating vectors span the integer points of the
space. All fundamental parallelepipeds have the same volume. For further explanation of the
fundamental parallelepiped, see [1], which refers to the fundamental parallelepiped as the
primitive parallelotope.

We use this discrete geometry throughout the paper to study a specific class of polytopes,
which we introduce in Subsection 2.4.
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2.4 Stack-sorting polytopes

We now introduce the focus of our research, stack-sorting polytopes. For the rest of this

paper, we will make no distinction between permutations of &, and the corresponding points
in R”.

Definition 2.12. Given a permutation 7, we define the stack-sorting polytope of 7 as the
convex hull of S™.

Example 2.13. Let # = 231. We have s(mr) = 213 and s*(w) = 123. So, 8T =
{231, 213,123}, and the stack-sorting polytope of 7 is conv({231, 213, 123}).

231

123

213

Figure 2: The simplex conv(S™) as described in Example 2.13.

Note that all permutations © € &,, lie on the (n—1)-dimension hyperplane x;+x,+- - -+x, =
14+2+4---4+n. So, we will use the concepts of Euclidean volume and relative volume to
study these polytopes.

2.5 Special permutations

In this section, we discuss permutations of &, that end in nl. The permutations are
referred to as Lnl permutations in [11].

Definition 2.14. For w € &,,, 7 is an Lnl permutation if 7w ends with nl. Here, L is some
permutation of {2,3,...,(n — 1)} and L£" denotes the set of Lnl permutations of length n.

Both Remark 2.7 and Remark 2.10 are sufficient to prove Theorem 3.11 of [11], which we
restate here:

Corollary 2.15 (Theorem 3.11, [11]). A permutation 7 € S, is exactly (n—1)-stack sortable
if and only if ™ ends in nl.

We discuss Lnl permutations further in Section 4.
The authors of [11] also prove that all stack-sorting polytopes of Lnl permutations are
simplices. In the next section, we generalize this result.

58



Ake et al./ American Journal of Combinatorics 4 (2025) 52-68

3 Geometry of conv(S™)

In this section, we prove that any permutation 7w € &, guarantees that conv(S™) forms a
simplex.

Definition 3.1. Let m € &, be some permutation. We call a value mx of 7 a fized value if
T = k.

Lemma 3.2. Suppose w € &, ends in exactly k fized values. Then, s(m) ends in at least
k + 1 fized values.

Proof. All values of 7 greater than n — k are fixed. So, the value n — k is the largest of the
first n — k values in .
We pass 7 through the stack-sorting algorithm. When the algorithm reaches the value
n — k, we pop the remaining values off the stack and push n— k onto the bottom of the stack.
When the algorithm reaches m,_x.1, n — k will still be on the bottom of the stack. We
pop the remaining values off the stack and n — k is written in the (n — k)™ position. The
algorithm will then push and pop the remaining values of 7r, which are in ascending order.
So, s(7) ends in at least k + 1 fixed values. O

Theorem 3.3. Let m € &, be exactly k-stack-sortable. Then, A\ := conv(S™) is a k-simplez.

Proof. We show that A is a simplex by showing the vectors in S™ are affinely independent.

There are k + 1 vectors in S™, with s = e. Now, subtract e component-wise from each
vector in 8™ \ {e}. We show these k vectors are linearly independent.

From Lemma 3.2, we know that s'*1(7r) must end in a strictly greater number of fixed
points than s'(7). So, s"*}(w) — e ends in strictly more zeros than s'().

Now, consider the k x n matrix such that the /*" row is the vector s'(7) — e. The i*" row
ends in strictly more zeros than all rows above.

Now, flip this matrix across a vertical axis, which is equivalent to relabeling our variables.
Here, the i*® row has strictly more leading zeros than the above rows. We also have no
zero rows. So, our matrix is in Row Echelon Form, and our vectors s'(m) — e are linearly
independent. So, the k + 1 vectors s'(w) are affinely independent. Therefore, A is a
k-simplex. O

Example 3.4. Let m = 31452. We have S™ = {31452, 13425, 13245, 12345}. The convex hull
of 8™ forms a 3-simplex.

4 Volume of conv(S™)

This section focuses on the relative and Fuclidean volumes of Lnl simplices. We prove
the relative volume is 1 and the Euclidean volume is y/n for all Lnl simplices.

Lemma 4.1. Let B be the set {(1,-1,0,...,0),(0,1,-1,...,0),..., (0,...,0,1,=1)} in R",
and let H be the hyperplane x; + xo + -+ +x, =142+ --- 4+ n. Then, B forms a basis for
the lattice Z" N H.
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13245

13425 4

12345

31452

Figure 3: The 3-simplex formed by S™ in Example 3.4.

Proof. We show that B forms a basis for the lattice Z" N H', where H’' is the hyperplane
X1+ X2 + ...+ x, = 0, a translation of H. Consider an arbitrary lattice point a = (ay, a, ..., a,)
on H'. Note that a must satisfy a, = —(a; + ax + -+ + a,_1). We can take the following
linear combination:

a-(1,-1,0,0,...,0)+ (a1 +a)-(0,1,-1,0,...,0) + ... + (a1 + a2+ ---+a,-1) - (0,0, ...,0,1, 1)
= (a1, a2, ...,an-1, —(a1 +a+ -+ a,_1))
= (a1,a0, ..., an)-

So, the vectors in B span the lattice.

Also, the vectors in B are linearly independent. So, B forms a basis for Z" N H'. Thus, B
also forms a basis for Z" N H. m

Now, we prove that the Euclidean volume of the fundamental parallelepiped of an Lnl
simplex is \/n.
Lemma 4.2. Let w € L". The fundamental parallelepiped 7 for span(conv(S™)) has Euclidean
volume +/n.

Proof. Note that conv(S™) is an (n — 1)-dimension polytope living on the (n — 1)-dimension
hyperplane
H={xeR"|xx+x+ +x,=14+2+---+n}.
So, span(conv(S™)) = H. From Lemma 4.1,
B={(1,-1,0,0,..,0),(0,1,-1,0,..,0),(0,0,1,—1,...,0), ..., (0,...,0,1, —1)}

forms a basis for the lattice Z" N H. We can take these basis vectors as generators for a
fundamental parallelepiped 7.

Using Theorem 7 of [13], we calculate the Euclidean volume of 7 by EVol(7)? = det(AAT),
where A is the n — 1 X n matrix whose rows are the vectors in B. We evaluate:

1 0 -~ 0] [2 -1 0 -~ 0

(1) _11 _01 8 -1 1 - 0 -1 2 -1 --- 0

AAT = | T T _ 0 -1 -~ 0|=]0 -1 2 -0
000 ! |0 0 -~ —1] |0 0 0 - 2
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Note that AAT is (n — 1) x (n — 1). Call this matrix A,_1, and call its determinant d,_;. We
compute d,_; by cofactor expansion across the top row:

dn_l:2det(An_2)—(—1)det<[_01 -10 A?_3 OD

For this second matrix, we again expand across the top row:

dy 1 = 2det(Ar 5) — (=1)(—1) det(A, )
= 2dn—2 - dn—3-

Now, we show that d,_; = n by induction.
We have base cases of n=2 and n = 3:

d; = det ([2]) =2, and

a2 )

For our inductive hypothesis, we assume d, » = n—1 and d,_3 = n— 2. For our inductive
step, we show d,_; = n. We have d, 1 = 2d, » —d, 3 =2(n—1) — (n—2) = n. So,
EVol(7)? = n, and the Euclidean volume of /7 is 1/n. O

Now that we have established the Euclidean volume of the fundamental parallelepiped,
we find the Euclidean volume of the simplex itself.

Lemma 4.3. Let w € L". Then, for 0 < k < n— 2, the vector sk(m) — e ends with
((=n+k+1),0,0,...,0).

Here, s*(m) — e ends with ezactly k zeros.

Proof. By Theorem 3.5 of [11], sk(r) ends with (1,n— k+1,n—k+2,...,n). So, sk(w) — e
ends with ((—n+ k +1),0,0,...,0), with k zeros. O

Lemma 4.4. Let w € L". Let A = conv(S™). Then, the Fuclidean volume EVol(A) = /n.

Proof. Let w; = s'(w) — e for all s’(w) € 8™, and let Q; be the set {w,_1,w, 2, ..., w,_;}.
That is, Q; is the set of the last i w-vectors. Let A\; be the convex hull of Q;. We show
EVol(A;) = V/i for i > 2 by induction.

For our base case, i = 2. We have s"}(«w) = (1,2,...,n), so w,_1 = (0,0,...,0). By
Lemma 4.3, we have w, , = (1,-1,0,0,...,0). So,

EVOI(AQ) = HW,,,z — anll‘ = \/§

For our inductive hypothesis, assume EVol(A;) = v/i. We want to show EVol(Aj;1) =

Vi+ 1.
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By Lemma 4.3, the vectors in Q; have x;11 = x;4p = -+ = x, = 0. So, these vectors lie
on the hyperplane x; + x; + -+ -+ x; = 0, with x;;1 = --- = x, = 0. By Theorem 3.3, AA; is a
simplex, so the i vectors in Q; span this (i — 1)-dimensional hyperplane. Hence,

EVol(Aj41) = w,
where h is the height of the altitude from A; to w,_(i41). We show that h = /i(i + 1).

By Lemma 4.3, w,_(j;+1) has xi;; = —i. So, the distance from w,_(;;1) to the hyperplane
xir1 = 0 is /. Call the projection of w,_(j;1) onto this hyperplane v.

Now, we compute the distance from v to the hyperplane x; + x + --- + x; = 0. This
hyperplane has unit normal vector n = \/(1 1,..,1,0,0,...,0) (with i ones and n — i zeros).

So, the distance from v to this hyperplane is n - v. Note that (v/i - n) - v equals the sum of
the first / entries in v.
We know the point w,_¢;;1) lies on the hyperplane

Xiv1 = —(x1 +x + -+ X).

Also, by Lemma 4.3, w,_(j+1) has xjy; = —i. So, the sum of the first / entries of v is /.
Therefore, the distance from v to the hyperplane x; + X, + - - - + x; = 0 is V/1.
These two distances are perpendicular. So, we compute h:

= VWV 2= /i 1),

EVol(Ay1) = EVO'(I,A")h ViVi —Vi+1

Therefore,

So, EVol(A) = EVol(A,) = /n. O
We illustrate Lemma 4.4 with an example.
Example 4.5. Let m = 231. We have S™ ={(2,3,1),(2,1,3),(1,2,3)}. So,
wo = (1,1,-2),w; = (1, —1,0),and wp, = (0,0,0).

We have Q, = {(0,0,0),(1,—1,0)}, so A, is a polytope with Euclidean volume V2.
We also have Q3 = {(0,0,0), (1, —1,0), (1,1, —2)}. The point (1,1, —2) lies a distance of 2

from the plane x3 = 0. The projection (1,1, 0) has a distance of (\%(1 1, 0)) (1,1,0) = V2
from the line x; + x, = 0. So, the point (1,1, —2) lies a distance of v/6 from conv(Q,), and

the volume of Aj is
2v/6
g _ 3

See Figure 4 for a visualization of A, and As.
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11(-2)

Figure 4: A\, and Aj for 7 = 231, as described in Example 4.5. The length of A, is v/2 and
the area of A3 is /3.

Theorem 4.6. Let w € L". The relative volume of /A = conv(S™) is 1.

Proof. We know vol(A) = E\\//g:((é))’ where /7 represents the fundamental parallelepiped for

span(S™). From Lemmas 4.2 and 4.4, we have
EVol(7) = EVol(A) = v/n.
So,
vol(A) = % = 1.

[]

5 Lattice-point enumeration of stack-sorting simplices

In this section, we focus on the lattice points of stack-sorting simplices.

5.1 Ehrhart function and series

We give a brief introduction to Ehrhart theory, the study of lattice-point enumeration of
dilates of polytopes. The t'" dilate tP of polytope P is the set {tx : x € P}. The lattice-point
enumerator L(P, t) of P counts the number of lattice points in the t*" dilate of P:

L(P;t) = [tPNZ".

If P is a lattice polytope, this function is a polynomial in t, with degree equal to the dimension

of P. We can use the Ehrhart polynomial of P to obtain the Ehrhart series Ehr(P; z):
h*(P; z)

(1 — z)dim(P)+1°

Ehr(P;z) =1+ Z L(P;t)z" =

t€Z>0

The h*-polynomial, h*(P;z) = 1+hjz+- - -—l—hjim(p)zdim(m, has nonnegative integer coefficients.
For more information on Ehrhart theory, see [2].
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5.2 Hollow stack-sorting simplices

In [11], the authors show that permutations of form 234 - .- nl generate hollow stack-
sorting simplices. In this section, we show that any permutation of the form 2Lnl generates
a hollow stack-sorting simplex. A polytope P is hollow if P contains no interior points. Note
that a hollow polytope can still contain boundary points.

Lemma 5.1. Let w € &, be of the form 2Lnl, where L is any permutation of {3, 4, ...,(n—1)}.
Then, every point s'(w) € 8™, besides e, begins with 2.

Proof. Consider the stack-sorting algorithm on 7. First, 2 is pushed onto the stack. Then, if
the next value in the permutation is not 1, 2 will be popped from the stack.

Also, by Theorem 3.5 of [11], we know that s*() ends with (n—k)1(n—k+1)(n—k+2)...n
for k < n—1. So, for k < n — 2, the value 1 is not one of the first two elements of s*(r). So,
for k < n—1, sk() begins with 2. O

Proposition 5.2. Let w € &, be of the form 2Ln1, where L is any permutation of {3, 4, ..., (n—
1)}. The simplex A := conv(S™) is hollow. In particular, any non-vertex lattice point of A
lies on the facet formed by the convex hull of §™ \ {e}.

Proof. Call the vertices of A vy, vy, ..., v, with v,, = e. Then, by the vertex description of
A, we have

A:{)\1V1+)\2V2—|—~--+)\nvn:aH)\kZOand)\1+)\2+~--+)\n:1}.

We want to show that there are no lattice points on A with 0 < A, < 1.

Suppose to the contrary that there exists a lattice point p € R” on A with 0 < )\, < 1.
Now, consider the first value in p, p;. By Lemma 5.1, the first value of v, is 2 for 1 < k < n.
Also, we know the first value of v, = e is 1. So,

Pr =2\ +2X 4+ +20, 1 F 1A, =2(1 = N\) + A, =2 )\,

However, 0 < A\, < 1, s0o, 1 < 2 — X, < 2. This tells us that p cannot be a lattice point,
giving us a contradiction. Therefore, there are no lattice points on A with 0 < A\, <1. [O

Proposition 5.3. Let w € &, be of the form 2Ln1, where L is any permutation of {3, 4, ..., (n—
1)}. Let Ay := conv(S™) and A, := conv(S™ \ {e}). Then, A; and A, have the same

h*-polynomial.

Proof. Call the vertices of Ay vy, vy, ..., v,, with v, = e. Then, the vertices of A\, are
V]_y V21 R Vn—l-

By Corollary 3.11 in [2], given a vertex set {vy, vz, ..., vy}, h* equals the number of
integer points in

{)\1V1+)\2v2+---+/\nvn:allOS)\,-<1and)\1+)\2+---+)\n:k}. (51)

We want to show that all integer points on A; have A, = 0. This proof follows similarly
to the proof of Proposition 5.2.
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Suppose to the contrary that there exists a lattice point p € R” that satisfies (5.1) with
arbitrary k and 0 < A\, < 1. Now, consider the first value in p, p;. By Lemma 5.1, the first
value of v is 2 for 1 < k < n. Also, we know the first value of v, = e is 1. So,

P1 =2M\ + 2+ -+ 201+ 1N, =2(k — A\y) + A, =2k — A\,

However, 0 < A\, < 1,s0 2k — 1 < 2k — )\, < 2k. So, p cannot be an integral point, and we
have a contradiction.

Therefore, for arbitrary k, an integral point satisfies (5.1) for A if and only if that point
satisfies (5.1) for A,. So, A; and A, have the same h*-polynomial. O

Remark 5.4. We can view A\; as a pyramid over /A\,. Since e lies a distance of 1 from the
hyperplane x; = 2, we can apply Theorem 2.4 in [2]. Proposition 5.3 follows as a corollary.

5.3 Counting integer points

In this subsection, we give an upper bound for the number of integer points in a stack-
sorting simplex P generated by an Lnl permutation. This number includes interior points,
boundary points, and vertex points.

A triangulation of a polytope P is a partition of P into simplices whose vertices are lattice
points. These simplices can overlap at a facet, but they cannot otherwise intersect.

Proposition 5.5. Let m € G,, be a permutation of the form Lnl, and let P be the stack-
sorting simplex generated by 7. Then, P has a maximum of (n — 1)! 4+ (n — 1) lattice
points.

Proof. Our polytope P is an (n—1)-polytope, and the smallest (n— 1)-simplices have relative
volume ﬁ Also, by Theorem 4.6, P has relative volume 1. So, any triangulation of P
would have at most (n — 1)! simplices.

Now, for the sake of contradiction, assume P has at least (n — 1)! 4+ n lattice points.
Exactly n of these lattice points will be vertex points. We first triangulate just this vertex
set. Then, we add the lattice points to our triangulation, one at a time.

Each new lattice point would lie in at least one simplex in our triangulation. Then, we
can triangulate this simplex into two or more simplices using this lattice point. So, each new
lattice point would add at least 1 simplex to our triangulation of P.

So, with (n — 1)! non-vertex lattice points, our polytope P could be triangulated using at
least (n — 1)! 4+ 1 simplices. However, we have already shown that any triangulation of P
must have at most (n — 1)! simplices.

So, we have a contradiction, and P must have at most (n—1)! + (n — 1) lattice points. [

For small values of n, there are stack-sorting simplices with close to (n — 1)! + (n — 1)
lattice points, but as n grows, this approximation becomes very weak. A stronger upper
bound may lie closer to 2"~!. The permutation 234586791 generates the smallest stack-sorting
simplex with greater than 2"~! lattice points.
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Remark 5.6. Readers may conjecture that all stack-sorting d-polytopes have a unimodular
triangulation (i.e., a triangulation where all simplices have relative volume %) Unfortunately,
the permutation 34251 generates a stack-sorting simplex without a unimodular triangulation.
So, we cannot generate a lower bound for the number of lattice points in a polytope P in the
same way we give an upper bound.

6 Questions, conjectures, and future research

When studying and discussing stack-sorting polytopes, we encountered many ideas that
may be useful areas for further exploration. We pose the following questions to serve as
directions for future research.

1. What patterns hold regarding the relative volume of stack-sorting polytopes?

2. For w = 12543, vol(conv(S™)) = 2. Which choices of m € &, form stack-sorting
simplices with relative volume greater than 1?7 What is the maximum volume of such a
polytope?

3. What is the maximum Euclidean volume of a stack-sorting polytope? We conjecture
that this value is \/n for permutations 7 € &, the volume of a polytope generated by
an Lnl permutation.

4. Some permutations, like 23451, generate stack-sorting polytopes with unimodular
triangulations, whereas some, like 34251, do not. Which stack-sorting polytopes have
unimodular triangulations?

5. What is the maximum number of lattice points in a stack-sorting simplex?

6. For n < 8, the permutation of the form 234 ... n1 generates a stack-sorting simplex
containing the maximum lattice points for that value of n. This does not hold for n > 8.
Is there a pattern regarding which stack-sorting simplex for a given n has the highest
lattice point count?

7. Does there exist a combinatorial interpretation for the h*-coefficients of stack-sorting
simplices?
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