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Abstract

Let ¢ be a finite multiplicative group of quaternion unit U(H). The ¢-average of
adjacency (resp., Laplacian) polynomial of a graph G is defined as the arithmetic mean
of the characteristic polynomials of adjacency (resp., Laplacian) matrice of all ¢-gain
graphs on G. In this paper, we prove that the ¢-average adjacency (resp., Laplacian)
polynomial of a graph for any non-trivial finite subgroup ¢ of U(H) coincides with
its matching (resp., weighted TU-subgraph) polynomial, which generalizes previous
findings for signed graphs.

1 Introduction

Throughout this paper, all graphs are undirected and simple unless otherwise specified. Let
G be a graph with vertex set V(G) = {vy,vq, -+ ,v,} and edge set E(G) C V(2G)) ,

Various graph polynomials have been extensively studied, such as the matching polynomial
and weighted TU-subgraph polynomial. The matching polynomial of a graph G, first
introduced in [7], is defined as

where

D (G) = ‘{%(G) : M (G) is a matching of G with ¢ edges, 0 <t < {SJ H :

* Corresponding author

MSC2020: 05C50, 05C22, 05C35; Keywords: ¥-average of adjacency polynomial, ¥-average of Laplacian
polynomial, Quaternion unit gain graph, Matching polynomial, Weighted TU-subgraph polynomial
Received Apr 7, 2025; Revised Sep 10, 2025; Accepted Dec 22, 2025; Published Dec 31, 2025

© The author(s). Released under the CC BY 4.0 International License

79



Hou et al./ American Journal of Combinatorics 4 (2025) 79-92

Furthermore, a spanning subgraph H of G is called a TU-subgraph, as defined in [17], if every
component of H is either acyclic or unicyclic. Note that the concept of a TU-subgraph in
this paper differs from that in [2], whose components are restricted to trees or odd unicyclic

t
graphs. The weight of the TU-subgraph H of G is w(H) = 2¢ [[ |V(T;)| if H is an union of
=1

disjoint ¢ tree components 7; and ¢ unicyclic components U; of G. In particular, w(H) = 2¢
if H contains no tree components. Accordingly, the weighted TU-subgraph polynomial of G

is defined as .

W(G,z) =) (=" Y w(H)z"™",

k=0 Heb,
where

. = {H : H is a TU-subgraph of G and |E(H)| = k}.

Godsil and Gutman [6] (resp., Zhang and Chen [17]) have shown that the matching
polynomial (resp., the weighted TU-subgraph polynomial) of a graph G is exactly the average
of adjacency (resp. Laplacian) polynomials of all signed graphs on G. Noting that every
signed graph is a special gain graph, now we introduce the definition of gain graphs. Let

H = {hy + hoi + hsj + hak : h1, ho, hs, hy € R,i* = j° = k* = ijk = —1}

denote the quaternion algebra equipped with a norm |- | such that |h| = \/h? + h3 + h} + h3
for every quaternion h = hy+hsi+hsj+hsk. It can be verified that U(H) = {h € H: |h| = 1}
forms a multiplicative group, i.e., the quaternion unit group. Let I' be a multiplicative
group of quaternion unit. A graph G' = (V(G), E(G)) may be viewed as a directed graph

(V(G), E(G)) by thinking of every edge as a pair of oppositely directed arcs. A directed
weighted graph G¢ = (G, §) is called I'-gain graph on a graph G in [3] if the weight function
£ m — I' satisfies &((vj,v;))€((vi,v;)) = 1 for all (v;,v;) € % The function & is
also referred to as a gain function while I' is called the gain group of G¢. The images of the
gain function £ is denoted by Im¢. In particular, an ordinary graph G could be viewed as
the I'-gain graph G;, where Im1 = {1}. A TI'-gain graph G¢ is signed graph (resp., complex
unit T-gain graph, quaternion unit U(H)-gain graph) if and only if Im¢ C {—1,1} (resp.,
ImE CT={z€C:|z| =1}, Im{ C U(H)). Therefore all of ordinary graphs, signed graphs
and T-gain graphs are special U(H)-gain graphs.

There are many classical results on theory of graph spectra and applications [4]. There
are various generalization on spectra of gain graphs, such as spectra of signed graphs [8, 9], T-
gain graph [11, 13]. Recently, Belardo, Brunetti, Coble, Reff and Skogman extended spectral
theory of T-gain graph to U(H)-gain graph [3].

The adjacency (resp., Laplacian) polynomial is the characteristic polynomial of an ad-
jacency (resp., Laplacian) matrix of a U(H)-gain graph, and the coefficient theorems with
respect to them have been established in [3].

Definition 1.1. Let ¢ be a finite subgroup of U(H), G be a graph with m edges and ¥(G,¥)
be the set consisting of all gain functions on E(G). Suppose that P(Gg,x) (resp., Q(Ge, ))
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is the adjacency (resp., Laplacian) polynomial of a ¢-gain graph G¢ for some ¢ € X(G,¥).
Then
_ 1 ~ 1
Py(G,z) = 7 Y P(Ge ) and Qu(G,x) = 7 > Q(Ge )
¢ex(G,9) £ex(G,9)
are called the ¥-average of adjacency polynomials of G and ¥¢-average of Laplacian polyno-
mials of GG respectively.

Recall the relationship between the matching polynomial (resp., the weighted TU-subgraph
polynomial) of G and the adjacency (resp., Laplacian) polynomials of all signed graphs on
G. With the notion in Definition 1.1, Godsil and Gutman proved that

P113(G,z) = M(G, x) (1.1)
in [6, Corollary 2.2] and Zhang and Chen proved that
Q{fl,l}(Ga z) = W(G, ) (1.2)

in [17, Theorem 2.2].

The aim of this paper is to generalize Eqs. (1.1) and (1.2) for gain graphs. Observing the
gain group of signed graphs is {—1,1}, it is natural to ask whether the Eq. (1.1) and (1.2)
hold whenever {—1,1} is replaced by any non-trivial finite subgroup ¢ of U(H). In Section
2, we recall basic results on coefficient theorems with respect to the adjacency and Laplacian
polynomials of the U(H)-gain graph and the classification of all finite subgroups of U (H).
In Section 3, we will prove that Eq. (1.1) and (1.2) hold in the case of any non-trivial finite
subgroup of quaternion units, i.e., the matching (resp., weighted TU-subgraph) polynomial
of a graph is equal to the ¥-average adjacency (resp., Laplacian) polynomial of this graph
for any non-trivial finite subgroup ¢ of U(H).

2 Preliminaries

2.1 The basic results for U(H)-gain graphs

Let G be a graph and gain function ¢ € X(G,U(H)). The adjacency matrix M4(Ge) =
(aij) € (U(H) U{0})"™" of G¢ is defined by

0 = A€ vy), i (vs, ) € E(GS

ij = : ;
0, otherwise

and the Laplacian matrix My (G¢) of G¢ is defined to be M (G¢) = Mp(G) — M 4(G¢), where

Mp(G) = diag(d(v;) : v; € V(Q)) is the degree matrix of G and d(v;) is the degree of vertex

v;. It is clear that Ma(G¢) and M (G¢) are both Hermitian for all U(H)-gain graph Ge.

The Moore determinant of a Hermitian quaternion matrix is defined in [5, 12], written
as Mdet(H) for the Hermitian quaternion matrix H. Moreover,

P(Ge,z) = Mdet(x1,, — M4(Ge)) and Q(Ge, x) = Mdet(x1, — ML(Ge))
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are defined as the adjacency polynomial of G¢ and the Laplacian polynomial of G¢ respec-
tively in [3].

Let E(W) = &((v1, v2))E((v2,v3)) - - - £((vs—1, vs)) be the gain of a walk W = vjvgvs - - - 5 in
Ge. A U(H)-gain graph G is balanced if £(C') = 1 for every cycle C' in G¢. Two U(H)-gain
graphs G¢, and G, are said to be switching equivalent, written as G¢, ~ GY,, if there exists an
invertible diagonal matrix D € (U(H) U {0})"*" such that D*M4(G¢,)D = M4(Gs,), where
D~ is the conjugate transpose of D. It is obvious that this diagonal matrix D is unitary, and
then two switching equivalent U (H)-gain graphs have the same adjacency (resp., Laplacian)
polynomial. The function ((v;) = Dy, i = 1,2,---,|V(G)] is called switching function and
the gain function &, could be written as &;.

Lemma 2.1. /3, Lemma 4.1 and 6.1] Two switching equivalent U(H)-gain graphs have the
same adjacency (resp., Laplacian) polynomial and adjacency (resp., Laplacian) spectrum.

The next result answers what are the most simple U(H)-gain graphs up to switching
equivalence.

Lemma 2.2. [16, The proof of Lemma 5.3] Let G be a graph and F be a spanning forest
of G. Then for any gain function £ € (G, U(H)), there exists a U(H)-gain graph G, such
that x (€) =1 for any € € E(F) and Gy, ~ Ge.

The following lemma is immediate.

Lemma 2.3. [3, Lemma 2.20] Let G¢ be a U(H)-gain graph. Then G¢ is balanced if and
only if G¢ ~ G.

Lemma 2.4. [3, Lemma 2.19] Let W be a closed walk in U(H)-gain graph G¢ with initial
vertex x and ¢ : V(G) — U(H) be a switching function. Then (W) = ((x)1E(W)((2),
that is, (W) and E(W) are similar in H.

The Lemma 2.4 shows that the gain of a closed walk is an invariant of switching equiva-
lence up to similarity. The real part and the imaginary part of a quaternion h = hy + hoi +
hsj + hsk are hy and hoi + hsj + hyk in turn. It was shown that two quaternions are similar
if and only if they have the same real part and modulus of the imaginary part respectively,
see [3, Lemma 2.2]. Hence, the real part of the gain of a closed walk is exactly an invariant
of switching equivalence.

A subgraph B of G is called basic if all components of B are either edges or cycles.
Let H be a TU-subgraph of G which is an union of disjoint ¢ acyclic components 7; and ¢
unicyclic components U; with unique cycle C;. Then the weight of H under the gain function

¢ € X(G,U(H)) is defined as

t c

we(H) = [TIV(T)IT] 2~ 2Re (£(C)))) -

i=1 j=1

Hence we(H) > 0 if and only if all C; are unbalanced under &.
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Lemma 2.5. /3, Theorem 4.6] (Coefficient Theorem with respect to adjacency polynomial of
quaternion unit gain graph). Let G¢ be a U(H)-gain graph with order n and size m. Suppose

the adjacency polynomial of G is P(Ge,x) = 2™ + Y a;(§)a™". Then
i=1

a(@) = D (=172 T Re((0)),

Be%:(G) Ce?(B)

where B;(G) = {B;(G) : B;(G) is a basic subgraph of G and |V(B;(GQ))| =1i},i=1,2,--- ,n,
p(B) = #{the component of B}, and € (B) = {Cp : Cp is a cycle in B} with cardinal ¢(B).

Lemma 2.6. /3, Theorem 6.9] (Coefficient Theorem with respect to Laplacian polynomial of
quaternion unit gain graph). Let G¢ be a U(H)-gain graph with order n and size m. Suppose
the Laplacian polynomial of Ge¢ is Q(Ge,x) = Y (=1)*bp(£)z" k. Then

be(§) = Z we(H).

Hedt,

Noting that the Moore determinant Mdet(A) = det(A) when A € C**", Lemma 2.5 is
the generalization of [11, Corollary 3.1] and Lemma 2.6 is the extension of [2, Theorem 3.9].

2.2 All finite subgroups of U(H)

Suppose that ¢ is a finite multiplicative subgroup of H. For every ¢ € ¢, we have ¢/¥| =1
and then |¢| =1, i.e., ¢ € U(H). Hence, ¢ is a finite subgroup of U(H) if and only if ¢ is a
finite multiplicative subgroup of H. All kinds of binary polyhedral groups are listed in [15],
which are:

(i) binary dihedral group (order 4¢) defined as %y = {(a,b: a* = b* = 1,bab™! = a™ 1),

(ii) binary tetrahedral group (order 24) defined as 7 = {(a,b : a® = 1,0® = a3, bab™! =
a~'b),

(iii) binary octahedral group (order 48) defined as & = (a,b : a® = 1,0% = a*, bab™! =
a_1b>7

(iv) and binary icosahedral group (order 120) defined as .# = (a,b : a!® = 1,0 =
a®,bab™! = a~b).

Indeed, Amitsur classified all finite multiplicative subgroups of H, consisting of cyclic
groups and binary polyhedral groups listed above [1].

Lemma 2.7. [1, Theorem 11] The finite multiplicative subgroups of H are the cyclic group
of any order, the binary dihedral group of order 44, the groups 7, O and & .
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For simplicity, we consider the following groups:

_ 2 -1
Rf_{]-awfawff"awé }7
_ 2 201 + . 9% 201
J4€ - {17w2€7w2£7'” 7w2£ 7.]7("-)25.]7&).2&.]7'” w2£ .]}7
Qos = {£1,+i, £j, +k, KL
Ous = {il +i, 4, +k, +14itjtk +14i +14j +£1+k +itj +jtk :I:k:l:l}

D) V20 V2 V2 VR VR VR
. /
+1.+i j:,] :l:k ilili‘]ik’ iliEJiek ielijiek +e’ 1ieJik
Q _ +ltejte’k +1te’ liek :i:l:i:el:l:eJ :I:e:l:e J:I:k ieilie’k :te:te 1:I:_]
120 = 5 ; 2 ) 2 2 2 (>
+e’+ejtk :I:e/:I:el:I:k ie iliej
2

) 2 )

for w, = e>1 e = H‘[ and ¢ = 1’2‘/‘?’. In particular, Js = {£1, +i, +j, £k} is known as the
quaternion group It can be checked that all of homomorphisms

o6 = (a:a"=1) = Ry,a > wy,
09 : .@45—>J4g,a'—>w25,bl—>j,
031 T = Qay,a FHEIE o LK
04:ﬁ—>Q4g,al—>l—j§i,b»—>%,
05 0 I = Quap, a -y TGTE by ITITK

are isomorphisms. Therefore, every finite subgroup of U(H) is one of Ry, Jo, Q24, Qus and
(D120 up to isomorphism.

Let ¢, 7 be two finite subgroups of U(H) and then ¥ and J# are said to be conjugate
in U(H) if there exists ¢ € U(H) such that 4 = ¢ '#q. It is evident that conjugacy of
finite subgroups of U(H) is an equivalence relation. Moreover, we have the following result:

Lemma 2.8. [1/, Theorem 3.1] Two finite subgroups of U(H) are isomorphic if and only if
they are conjugate in U(H).

Thus, it is not hard to calculate the sum of all elements of a non-trivial finite group of
quaternion unit, shown in Proposition 2.9, which is an amazing conclusion and shows that
all finite groups of quaternion unit have a perfect algebraic structure.

Proposition 2.9. The sum of all elements of a non-trivial finite subgroup of U(H) is zero.

Proof. Firstly, we claim that )  h = 0 if the non-trivial group 2 is one of Ry, Jys, Q24, Qus,
he2
(Q120. Indeed, it is immediate whenever 2 is one of a4, Q4s and Q199, since ¢ € 2 if and

only if —q € 2. If 2 = Ry, then ¢ > 2 and

Zh Zw (,Ug—l =0.

he2 s=0

If 2 = Jy, then

20—1 20—1 20—1 20—1

Zh—ZW25+ZJW25—ZW22+JZW2£—O-

he2
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Secondly, let ¢ be any non-trivial finite subgroup of U(H). By Lemma 2.8, we write
4 = q~12q for an quaternion unit ¢ and a non-trivial finite group 2 which we have discussed
above. Hence, we obtain

9= D, gzquhq:CIl(Zh)q:O. 0

geYy geq—12q he2 he2

Proposition 2.9 and the following multinomial theorem are the keys to prove the main
theorem (Theorem 3.1) in this paper.

Lemma 2.10. [10, Theorem 2.1] (Multinomial Theorem). Let x1,xo,- - ,x, be real numbers
and k be any non-negative integer. Then

k
s B
(2}) DR §

(K1,ka,+ kn)ESE i=1

’LUheT’@ Sﬁz{(kl,kQ,"' ,kn)Ikl,kz,"‘ ,knGZEO,kl—FkQ"—""'—kn:k}.

3 The ¥-average of adjacency (resp., Laplacian) poly-
nomials of a graph
The main theorem of this section is Theorem 3.1, which describes the ¢-average of adjacency

(resp., Laplacian) polynomial of a graph G for any non-trivial finite subgroup ¢ of U(H) is
equal to the case for 4 = {—1,1}.

Theorem 3.1. Let ¥ be a non-trivial finite subgroup of U(H) and G be a graph with n
vertices and m edges. Suppose that M (G, x) and W (G, x) are the matching polynomial and
the weighted TU-subgraph polynomial of G respectively. Then

Py(G,z) = M(G, ) (3.1)

and

Qq(G,z) = W(G, ), (3.2)
where Py(G,x) and Qu(G,x) are defined in Definition 1.1.

Proof. (i) We write Py(G,z) = 2" + 3 a;2"~"'. Using Lemma 2.5, we have
i=1

1 B)
di:W Z a;(§ Z Z B)oe(B) H Re(£(C))

€ex(G.9) gez (G.9) BEB;( Ce€(B)

:Zg%m( ZHRe

€eX(G.Y) Ce%(B)

= L e(g gBE
TR I Ve

£eX(GY) g9
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where d(g, B,§) = #{cycle in B with gain g under the gain function £}.
Let X4, 4,.-4, denote the event of a fixed basic subgraph B of G possessing exact dj, cyclic
components with gain g for 4 = {g1, g2, - - , g¢}. Then the probability

= () () (2 ) (-4

1 c(B)!
C||9B) dyldy! - dy)

with 0 < dj,ds, -+ ,dy < ¢(B) and dy +do + - - - + dy = ¢(B), since every U(H)-gain cycle is
switching equivalent to the gain graph on this cycle with at most one edge not having gain 1
by Lemma 2.2. By Proposition 2.9 and Lemma 2.10, for a fixed basic subgraph B, we have

%( p(B 9c(B Z H Re(g d(g,B.£)

€EX(G.Y) g9

L
1
:W(_DP(B)zC(B) Z ’g‘ Xd1d2 “dy H Re gk

(d1,d2,- de)eSC(B) k=1

1 g™ oB) y
_ _1\p(B)oc(B) E : k
=g G[E) " dyldy!- d'gl(Re(g’“))

—(—1)7® <‘g%|)0(3) (kz: Re(gk)>C(B) I (%)6(3) (Re (kzg;gk>>c(3)
—(—1)P®) (%)6(3) (Re ( > g))C(B) - <é>6(3) o)

{O if ¢(B) > 0 0, if B has at least one cyclic component

= 1
(=B ife(B)=0 | (=1)zIV®)I if B = |V(B)|K,

The last equality holds because B is basic subgraph of GG. If 7 is odd, B has at least one cyclic
component for all B € %,;(G), which implies that a; = 0. If 7 is even, for all B € %,;(G), the
left hand of the Eq. (3.3) is non-zero if and only if B 2 £K, , which implies that

a= Y. (-DF=(-1)id

Be#;(G),B2LK,

(G) = (1) Dx(G)

i
2

with ¢ = 2k. By the definition of the matching polynomial, the Eq. (3.1) holds.
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(ii) We write Qu (G, 1) = > (—1)*b2"*. By Lemma 2.6, we have

k=0
. 1
b, = FR be( Z Z we(H
£eX(G9) 562 (G,9) He A,
1
= @ we(H)
He A, €ex(G.9)
t c
1
= @ H|V(Ti)|H(2_2Re (€(C))))
He ¢ex(G.9) i=1 j=1
t
1
=2 g > V@I @-2Re (@)
He%’ | €eX(G,9) i=1 9e%

Let Y3, 4,...4, be the event of a fixed TU-subgraph H of G with exactly dj unicyclic components
with gain g, for 4 = {g1,92, - , g¢} in G¢. Then the probability

L\ /¢c\ [c—d c—dy—dy— - —dy 1 c!
PlYygooa]l = [ — _ _
¥aidy-a] (I%!) (d1)< ds ) ( dy ) G)° " di\dy! - dy!

with 0 < dy,ds, -+ ,dp < cand dy +dy + - - - + dy = ¢. By Proposition 2.9 and Lemma 2.10,
for a fixed TU-subgraph U, we have

g% S [V [T @ 2Re (g) 0

§€%HG‘/ =1 geY

l
1
ZWnW(Ti)’ > 9" P Yaapa) ] (2 2Re (i)
=1 k=1

(du,da,,dg)ESF

1 + |€4|m c! ‘
= I I V(T; 5 I I 2 — 2R

(d1,dz,- ,dg) €S}

:|g_|c'w(H) <|§¢| — ;Re (9)) = <|g| fe <gef¢ )>

:I%LIC Cw(H) %) = w(H).

Therefore we obtain by = Y. w(H), which implies the Eq. (3.2) holds. O
Heut,

Example 3.2. Let K3 be a triangle with vertex set V(K3) = {vy,vs,v3} and Jg be the
quaternion group. All TU-subgraphs of K3 are following: three TU-subgraphs isomorphic
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to an edge Ks, three TU-subgraphs isomorphic to a path P; and the unique TU-subgraph
isomorphic to K3. Moreover, K3 has three matchings containing an edge and no other
matching. Therefore, we have

M (K3, z) = 2® — 3z and W (K3, ) = 2* — 62° 4+ 92 — 2.
On the other hand, we consider &, &, - -+, & € 3(K3, Jg), which satisfy

§1((v1,v2)) = &i((v2,v3)) = & ((v3,01)) = 1
§a((v1,v2)) = &a((va,v3)) =1 52((03701)) =—1
&3((v1,v2)) = &((v,v3)) = 1,&3((vs,v1)) = 1;
54((1)1,1)2)) = §4((U27U3)) =1 54((1)3,"01)) = -1
55((’01,112)) = 55((’02,713)) 1 55((113,111)) =]
o ((v1,v2)) = &6((v2,v3)) = 1, §6((v3,v1)) = =j;
Er((v,v2)) = &7 ((v2,v3)) = 1,67 ((vs,v1)) = k;
Es((v1,v2)) = &s((v2,v3)) = 1, &((vs,v1)) = -k;

For all { € Y(Kj3, Jg), there exists a graph (K3)¢, possessing the same adjacency (resp.,
Laplacian) polynomial as those of (K3)¢, j = 1,2,---,8 by Lemma 2.1 and Lemma 2.2.
According to Lemma 2.5 and 2.6, it is not hard to show that

P((K3)e,,x) = 2® — 3z — 2, P((K3)e,, x) = 2® — 32 + 2,
P((K3)e,,x) =a® —3x,j = 3,4, , &
QUK3)e,, ) = 2% — 622 + 92, Q((K3)ey, ¥) = 2% — 622 + 9z — 4,
Q((K3)e;, ) =23 — 622 +92—2,7=23,4,---,8.

Consider (bz = {T € E(Kg, Jg) : (Kg)T ~ (Kg)gz} and

Oij - (Dl — (I)j,’rl = To

(T2((v1,v2)) = T1((v1,v2)), T2((v2, v3)) = T1((v2, v3)), T2((v3,01)) = 71((7)37111))37_13/),

for 1 ((v1,v2))71((va, v3))T1((v3, 1)) = 2, To((v1,v2))T2((v2,v3))72((vs,v1)) = y and i,j =
1,2,---,8. It is clear that every o;; is a bijection. Hence, there are exactly 8 distinct
Js-gain graphs (K3)¢ share the same adjacency (resp., Laplacian) polynomial with (K3)e, for
all j =1,2,---,8. Therefore, we obtain

2 8
Py (Ks, x :—32 (K3)e,,2) = 2* — 30 = M (K3, x),
=1

2 8
Q. (K3, x) —8—2_: ((K3)e,,x) = 2° — 62° + 9z — 2 = W(K3, 2).

The following result describes the property of forests, which is the only kind of graphs
such that its adjacency (resp., Laplacian) polynomial is exactly equal to its ¥-average of
adjacency (resp., Laplacian) polynomials. It also shows that the condition “¥ is non-trivial”
in Theorem 3.1 cannot be removed.
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Corollary 3.3. Let ¥ be a finite subgroup of U(H) and G be a graph. Suppose that P(Ge, )
(resp., Q(Ge,x)) is the adjacency (resp., Laplacian) polynomial of a 9-gain graph Ge.
M(G,x),W(G,z) are the matching polynomial and the weighted TU-subgraph polynomial
of G respectively. The following five statements are equivalent:

(i) G is a forest;

(1) P(Ge,x) = M(G,x), for all { € £(G,9);

(i1i) P(Ge,x) = M(G, x), for some & € X(G,9) such that G¢ is balanced;

(ZU) Q(Gévaj) = W(Ga .’I),’

(v) Q(Ge,x) = W(G, x), for some & € X(G,9) such that G¢ is balanced.
Proof. (i)=(ii) and (i)=-(iv): It is immediate if 4 = {1} and now we suppose ¢ is non-
trivial. G¢ is balanced for all £ € (G, 9) since the forest G is acyclic. According to Lemma
2.1 and Lemma 2.3, P(G¢,z) = P(Gy,x) and Q(Ge,x) = Q(Gh,z) for all £ € X(G,9).
Furthermore, by Theorem 3.1 and Definition 1.1, we have

M(G,z) = Py(G, ) = P(G¢,x) and W(G, z) = Qg (G, x) = Q(G¢, x).

(ii)=-(iii) and (iv)=-(v): Both are obvious.

(iii)=(i): For & € X(G,¥) such that G¢ is balanced, G ~ G¢, which implies that
P(G,x) = P(Gy,x) = P(G¢,x) = M(G,z). Since the matching polynomial of a graph
coincides with its adjacency polynomial if and only if the graph is a forest [6, Corollary 2.1],
we obtain G is a forest.

(v)=(i): As the same way to the proof of (iii)=(i), we have Q(G,z) = W(G,z) =

S (=1)F S w(H)x™*. By Theorem 7.2.8 of [4], then
k=0 He A,

n

Q(G,z)=> (-1)* Y P(Flat

k=0 |E(F)|=k

where the sum is taken over all spanning forests F', and Z(F) is the product of the numbers
of vertices in the components of F'. Therefore,

Y wH)= Y P(F)
He i, |E(F)|=k

for all k =0,1,2,--- ,n. Assume that G has at least one cycle C;. Then C, U (n —t)K] is
a TU-subgraph of G with ¢ edges. Noting that all spanning forests F' with ¢ edges are also
TU-subgraphs of GG, we have

dwH)=2+ Y P(F)> > P(F),

He |E(F)|=t |E(F)|=t
a contradiction. Hence, G is a forest. m

Naturally, we wonder whether there exists a gain function £ € (G, U(H)) such that
P(Ge,z) = M(G,x) and Q(Ge,z) = W(G,x) for G containing some cycles. In Example
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3.2, gain functions §;,j = 3,---,8 satisfy this condition. If there exists a gain function
¢ € ¥(G,U(H)) such that Re(£(C)) = 0 for all cycles C' in G, then P(G¢,x) = M(G, x) and
Q(Ge,z) = W(G, z) by Lemma 2.5 and Lemma 2.6. The following proposition shows that
there is no such a gain function on the completed graph Kj.

Proposition 3.4. There is no gain function ¢ € (K4, U(H)) such that Re(¢(C)) = 0 for
all cycles C' in Kjy.

Proof. Assume that there exists a gain function ¢ € 3(Ky, U(H)) such that Re(p(C)) =0
for all cycles C' in K, with vertex set V(Ky) = {v1,v9,v3,v4}. Define two switching function
& v:V(K,) — U(H) as follows:

(@((sz]?))(p((v%U3))>_1a 1= 3.

1, =1,
1, 1=1,4
V= L (o))t = ooy JE o) i=2,
5(”1)_ (90(( 1, 2))) ) _27 ) (l)_ (@5((1]1702))%05((027@3))) ’ Z—3,
( @ )

It can be checked that ¢ ((vi,vs)) = ©*((v2,v3)) = ©*((v2,v4)) = 1. Recall the result of
Lemma 2.4 implies the real part of the gain of a cycle is an invariant of switching equivalence.
Without loss of generality, suppose that ¢((vy,v2)) = ©((ve,v3)) = p((v2,v4)) = 1.

We write p((vs,v4)) = bii + c1j + dik, o((v1,v3)) = bol + 2 + dok and @((vg,v1)) =
bsi + c3j + dsk since the real part of the gains of cycle vavsvsve, V1V2v3v1 and vivv4v are
all zero, where b? + ¢ +d? # 0, i = 1,2,3. Now consider that the real part of any cycle
containing edge v3vy is zero, i.e.,

Re(p(v1v3v4v1)) = Re(p(v1v9v4v3v1)) = Re(p(vivgvzvavy)) = Re(p(vivgvavsvy)) = 0.

Hence
(ngg — dgCg)bl + (deg—deg)Cl + (b203 - Cgbg)dl = 0, (34&)
b1b2 + c1C0 + d1d2 = 0, (34b)
blbg + cics + dldg = 0, (34C)
beg + coc3 + d2d3 =0. (34d)

According to Eq. (3.4a), we obtain

bl C1 d1
det bg Co dg =0
by c3 d3

and then the three vectors (b, ¢1, dy), (ba, o, ds), (b3, c3,d3) in R? are coplanar. By Eq. (3.4b)
and (3.4¢), (b1, c1,dy) is orthogonal to both (be, ce,ds) and (b3, cs,ds). Hence, (be, ¢, ds) is
parallel to (b3, cs,ds) and we can write (by, ca,ds) = t(bs, c3,d3) for some t € R. Together
with the Eq. (3.4d), (b3 + 3 + d3) = 0, which implies b5 + 3 + d3 = t*(b3 + 2+ d3) =0, a
contradiction. O
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