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Abstract

A square matrix is called a multipart matrix if all its diagonal entries are zero
and all other entries in each column are constant. In this paper, we describe various
interesting spectral properties of multipart matrices. We provide suitable bounds for
the spectral radius of a multipart matrix. Later on, we show applications of multipart
matrices in spectral graph theory.

1 Introduction

A graph G = (V, E) is called a complete k-partite graph if its vertex set is partitioned as
V=VuUV,U--- UV, such that two vertices u and v are adjacent if and only if ©v € V]
and v € V; where i # j, 1 < 4,57 < k. A complete k-partite graph with partition sizes
P1, P2, - - -, Dk is denoted by K, 4, ... ;.. For a complete k-partite graph G with partition sizes
P1, P2, - - -, Pk, the vertex set partition V3 U Vo U -+ - UV, consisting of independent subsets of
G is an equitable partition. The quotient matrix () for that equitable partition is given by

[0 p2ops o Da
pi 0 ps -0 D
Q=|P p2 0 -+ Dy
| p1op2 op3ooo- 0]

Let A denote the (0, 1)-adjacency matrix of K, p, .. p,. Then every eigenvalue of @) is
also an eigenvalue of A [5, Theorem 9.3.3]. Let G be a simple, connected, finite graph and
A be the (0, 1)-adjacency matrix of G. Let D be the diagonal matrix whose i-th diagonal
entry is the degree of the vertex i. The matrix A = D! A is called the normalized adjacency
matrix of G. The matrix A is similar to the matrix D*%AD*%, known as the Randi¢ matrix
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[2]. We observe that the quotient matrix of A for the complete multipartite graph K, ,, ...
is similar to

T P2 P ... _Pk_ 7
n—p2 N—p3 N—pk
b1 0 _p3s ... _Pk_
n—pi n—p3 N—pk
Q - p1 p2 0 .. Pk
- n—pi1  n—p2 n—pg
p1 p2 p3 .. 0
L n—p1 n—p2 N—p3 -

Inspired by this special form of quotient matrices, we define a special class of matrices
and call them multipart matrices.

Let P = {p1,p2,...,pn} be a finite sequence of real numbers. The multipart matrix
A(P) = [a;j] corresponding to the sequence P is an n x n matrix whose entries are given by

Y 0 ifi=j.

In other words, A(P) is a n X n matrix whose j-th column is p;(e — e;), where e is
the column vector of all ones and e; is the j-th standard basis element of R". It is easy
to verify that the eigenvalues of A(P) do not depend on the arrangement of the entries in
the sequence P. Thus, without loss of generality, we consider the sequence P to be non-
decreasing and nonzero. Since the quotient matrices for both adjacency and normalized
adjacency matrices of complete multipartite graphs are special cases of multipart matrices,
the study of eigenvalues for multipart matrices seems significant and interesting.

There are several papers focused on adjacency eigenvalues of complete multipartite
graphs. Esser and Harary [4] discussed very interesting properties of the adjacency ma-
trix of complete multipartite graphs. In [1, 8] authors characterized complete multipartite
graphs having integral adjacency eigenvalues. Bapat and Karimi [1] provided examples of
non-isomorphic complete multipartite graphs with the same spectrum. Delorme obtained [3]
an explicit formula for the characteristic polynomial for complete multipartite graphs. Also,
he used optimization techniques to find the eigenvalues of a class of complete multipartite
graphs. Stevanovi¢ et al. [7] derived results related to the spectral radius and energy of
complete multipartite graphs. In this paper, we show that all these results can be easily
derived by considering the quotient matrix of a complete multipartite graph as a special case
of multipart matrices and taking P as a finite sequence of natural numbers. On the other
hand, the normalized adjacency eigenvalues of complete multipartite graphs were not much
studied.

In this paper, we first investigate the spectral properties of multipart matrices. Using
them, we show that some of the existing results of [3, 4] for the adjacency matrix of complete
multipartite graphs can be explained very easily. Later on, we establish spectral properties
for the normalized adjacency matrix of complete multipartite graphs. We also provide lower
and upper bounds for the largest adjacency eigenvalue of multipart matrices, that provides
suitable bounds for the spectral radius of complete multipartite graphs.
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2 Eigenvalues of multipart matrices

In this section, we discuss various spectral properties of multipart matrices. For a finite
sequence P = {p1,pa,...,pn}, we show that some of the eigenvalues A(P) can be determined
directly from the structure of P. We call such an eigenvalue a regular eigenvalue of A(P),
otherwise we call it a non-regular eigenvalue of A(P). We start with a determinant formula.

Theorem 2.1. Let P = {p1,p2,...,pn} be a finite sequence of real numbers. Then
det A(P) = (—1)" '(n — 1)pipa -+ - pn-

Proof. We observe that,
det A(P) = pipe - - - pndet(J, — 1,),

where J, is the all-ones square matrix of order n. Since J,, — I, has eigenvalues —1 (with
multiplicity n — 1 and n — 1 (with multiplicity 1), we get the required result. O]

Corollary 2.2. Ifp; #0 for alli=1,2,...,n, then A(P) is nonsingular and consequently,
0 is not an eigenvalue of A(P).

Theorem 2.3. Let P = {p1,ps,...,pn} be a finite sequence of real numbers, and let Pp(x) =
"+ "t + - + ¢, be the characteristic polynomial of A(P). Then

o=~ [
S jes
where the summation runs over all subsets S of {1,2...,n} of order i.

Proof. Since trace A(P) is 0, the above equation holds for i = 1. For ¢ > 2, we consider the
following formula: '
¢; = (—1)"(sum of i x i principal minors).

Since an ¢ X 4 principal minor of A(P) is also a multipart matrix of order ¢, hence the
result follows by Theorem 2.1. O]

Theorem 2.4. If p; > 0 for all 1 < i < n, then the eigenvalues of A(P) are all real.

Proof. Let D = diag[py,p2,--.,ps]- Then the matrix D%A(P)D_% is a symmetric matrix
and similar to A(P). Hence the eigenvalues of A(P) are real. O

Remark 2.5. If p; < 0 for some 4, then the above result may not hold. Consider P = {1, —1}.
Then

ar =13

whose eigenvalues are +i.

Theorem 2.6. Let P = {p1,p2,...,pn} be a finite sequence of non-decreasing real numbers.
If pr=p2=+--=p =p# pry1, then —p is an eigenvalue of A(P) with multiplicity exactly
[—1.
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Proof. For all i > 1, we define column vectors in R™ as follows:

i
Xz' = E ek—i€i+1.
k=1

Then for i # j, X' X; = 0. So the set {X1, Xs,...,X;_1} is orthogonal. Also note that,
AP)X; = —pX; foralll <i<I[-—1.

Which implies that the multiplicity of the eigenvalue —p is at least [ — 1. Let the
multiplicity of —p be greater than [ — 1. Then there exists a nonzero vector Y whose j-th
component is nonzero for some j > [ and it satisfies the eigenvalue equation A(P)Y = —pY.
Then there exist real numbers ¢ and d such that the vector ¢X; + dY has the first and j-th
entries equal to 1. Now c¢X; + dY is also an eigenvector corresponding to 1. Therefore,
comparing the first and j-th equations of A(c¢X; 4+ dY') = —p(cX; + dY) we conclude that
p = p;. Which is a contradiction. Hence the multiplicity of —p is [ — 1. O

Theorem 2.7. If all p;’s are distinct and positive, then A(P) has n distinct eigenvalues.
Moreover, if A, < A1 < -++ < Ay are eigenvalues of A(P), then A\ > 0 > Ay.

Proof. Let A\ be an eigenvalue of A(P) with multiplicity > 1. By Theorem 2.4, A(P) is
diagonalizable. Then there exist linearly independent eigenvectors X, Y € R" corresponding
to the eigenvalue \. Since X and Y are linearly independent, there exists ¢, d € R such that
cX +dY has two components equal to 1. Suppose the i-th and j-th components of cX +dY
are equal to 1. Since X and Y are eigenvectors corresponding to the same eigenvalue A, we
have

A(cX +dY) = AMcX +dY).

Now, comparing the i-th and j-th components, we get p; = p;. Which is a contradiction.
Therefore, all eigenvalues are distinct.

Now, since p; > 0 for all i = 1,2,... n, A(P) is irreducible and non-negative. Hence
A1 > 0 by Perron-Frobenius theorem ([6], Theorem 8.4.4). Again, A(P) is similar to
D2z A(P)D~z = Dz(J, — I,)D2. Therefore, Ay < 0 by Sylvester law of inertia ([6], Theorem
4.5.8). Therefore Ay < 0 < A;. Which completes the proof. n

Let P = {p1,pa,...,pn} be a finite sequence of real numbers. Suppose p; = py = -+ =
p = p. Let P’ be the sequence {Ip, pi11,...,pn}t. We construct an (n — 1+ 1) x (n — [+ 1)
matrix defined by
C(P") = A(P') + diag[(l — 1)p,0,0,...,0].

Then, we have the following result:

Theorem 2.8. Let P = {p1,p2,...,pan} be a finite sequence of non-decreasing real numbers
andpy =ps=---=p=p#pi1. If P'={lp,piy1,...,pn}, then

(a) any eigenvalue of C(P’) is also an eigenvalue of A(P), and
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(b) —p is not an eigenvalue of C'(P’).

Proof. (a) Let A be an eigenvalue of C(P’") and X =[xy 2o -+ x,_;11]7 be a corresponding
eigenvector. Define Y = [y; yo -+ 9T by

I K41 if 4 < l,
vi Tigpy Al <i<n.

Then Y is a nonzero vector in R” and A(P)Y = AY. Therefore A is also an eigenvalue of A(P).

(b) Let —p be an eigenvalue of C(P’) and & = [x; x5 -+ x,_141]7 an eigenvector corre-
sponding to —p. Then the nonzero vector Y = [y; 2 -+ y,]? defined by
. I if ¢ S l,
vi Tigp il <i<mn,

satisfies A(P)Y = \Y. Now since the first [ components of Y are constants, XY = 0 for all
1 < < [—1. Which implies that, if —p is an eigenvalue of C'(P’), then the multiplicity of —p
as an eigenvalue of A(P) is greater than [ — 1. Which contradicts Theorem 2.6. Therefore,
—p is not an eigenvalue of C'(F”). O

Theorem 2.6 gives us assurance that whenever [ number of p;’s are equal to a real number
p, —p is an eigenvalue of A(P) with multiplicity [ — 1. Let P = {p1,p2,...,pn} be a

non-decreasing sequence of positive real numbers. Suppose p1,po,...,p, takes s distinct
values q1,qs,...,qs. To represent this situation, we rewrite P as {qlfl, qé”, .., ¢}, where
ki + ko + -+ ks = n. Define an s x s matrix C(P) = [¢;5] by
o R if i # j,
ij e - .
(k; —1)g; ifi=yj.

Therefore, by using a similar approach to Theorem 2.8, we have the following result:

Theorem 2.9. Let P = {p1,ps,....pu} = {d, 5>, ....¢"} be a finite sequence of nonzero
real numbers. Then the following are true:

(a) —q; is an eigenvalue of A(P) with multiplicity k; — 1.
(b) Ewvery eigenvalue of C(P) is also an eigenvalue of A(P).
(¢) —¢i,1 <i<s isnot an eigenvalue of C(P).
An immediate consequence of Theorem 2.9 can be given as follows:

Corollary 2.10. Let P = {p1,pa, ..., pn} = {¢, 452, ..., ¢*} be a finite sequence of nonzero
real numbers. Then

det C(P) = (=1)* '(n — Dq1gz - - - g
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Proof. By Theorem 2.8, —¢; is an eigenvalue of A(P) with multiplicity k; — 1 and —g¢;,
1 <i < s, is not an eigenvalue of C'(P). Therefore, the result follows from Theorem 2.1 as
det C(P) equals to the product of eigenvalues of C'(P). ]

Theorem 2.11. Let P = {p1,p2, ..., 0u} = {¢*, ¢8>, ..., ¢"} be a finite sequence of nonzero
real numbers and let cpy(r) = 2™ + cix" 4 .- + ¢, be the characteristic polynomial of

C(P). Then
o==> (X k-]
5 iesS jes
where the product runs over all subsets S of {1,2...,n} of order r.

Proof. The coefficient ¢, of ®¢(py(x) is given by the following formula
¢, = (=1)"(Sum of r x r principal minors).

Let M (iy,%...,i,) be a principal minor obtained by taking i;-th, 1 < j < r rows and
corresponding columns. Then M (iy,iy...,4,) = C(P’) where P’ = {qZ”,qf;Q,...,qf:T}.

Now

(ki1 - ]‘)Q’Ll kizQiz T kirQir
kil il kiQ - 1 i2 e ki'r i'r
Qe O(P) = ¢ ( | )a ¢
ki, qi, ki, i, T (k’u - 1)%;
I
[ R O
= 4y, Gy " G, . . .
Ky ky ek —1

= (=) " ki, + kiy + -+ ki, — 1), Giy - -

Therefore, combining all possibilities, we get

cr:—z<2ki—1>nqj.

5 ies jes
This completes the proof of the theorem. O

Example 2.12. Consider the finite sequence P = {2,2,2,3,3,3}. Then

NN DN O
NN ON
NN OND N

W WO WwWww
WO W W ww
S W W W ww
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and
C(P):lé 2]

In this case regular eigenvalues of A(P) are —2 (multiplicity 2) and —3 (multiplicity 2). The
non-regular eigenvalues are roots of the quadratic equation

22— 10z —30=0.

Therefore, eigenvalues of A(P) are —2%, —32, 5 4 1/55.

2.1 Inverse and eigenvalue bounds

In this section, we first provide the inverse of a nonsingular multipart matrix. By corollary
2.2 if p; # 0 for all : = 1,2,...,n, then A(P) is nonsingular. For that case, we can find
A(P)~! explicitly.

Theorem 2.13. Let P = {p1,ps,...,pn} be a finite sequence of nonzero real numbers. Then
-2 1 1 1
AP = AP = 2 diag| —, —,...,—|
n—1 p1 P2 Dn
S 1
where P’ = {p—l, VAL p—n}.

Proof. Let D = diag|p1,p2,...,pa]. Observe that, A(P) = (J, — I,,)D, where J, is the
all-ones square matrix of order n. Then, we have

ni1<Jn—("—1)In><Jn—fn) :ﬁ(Ji—(n—l)Jn—JnJr(n—mn) ~ 1,
and
ni1<=7n—1n><<]n—(n—1)1n> =n;(ﬁf—(n—l)Jn—Jn+(n—1)1n> =1,

1
Therefore, (Jn — In> = ﬁ(Jn —(n— 1)]n>. Hence,

-1 _ -1 _ _ —1 _ A
AP =D (Jn 1n> ——D ((Jn I,) — (n 2)In>
1 —2 1 1 1
= A(P/>T - - d’LCLg |:_7 R _i|
n—1 p1 P2 Pn
This completes the proof of the theorem. O

Now we provide bounds for the eigenvalues for A(P). For an n x n matrix with real
eigenvalues, we arrange its eigenvalues as follows:
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Theorem 2.14. Let P = {py,ps, ..., pn} = {d™, ¢4, ..., ¢"*} be a finite sequence of nonzero
real numbers. Then the negative eigenvalues of C(P) satisfy

Qs <A < Qo1 < A1 < < —qa < A < —q.

Proof. Let D = diag[v/k1q1, Vkagqa, - - -, Vksqs]. Then DlC'( P)D D72 is symmetric, and it has
the same eigenvalues as C'(P). Let B be the s x s matrix whose each entry in the i-th column
is k;q;. Then

D%C(P)Dié = D%BDié + diag[_Qh —q2y-- -, _q.S]

Since the matrix Dz BD™2 has eigenvalues 0 (with multiplicity n — 1) and ) p; (with
multiplicity 1). Therefore, by Weyl’s inequality [6, Theorem 4.3.1], we conclude that

Qs < As < —Qs—1 < A1 < < @2 < A < —q.

Now the eigenvalues of B are n (with multiplicity 1) and 0 (with multiplicity s — 1).
Hence the required inequalities follow, as —¢; is not an eigenvalue of C'(P). O

By Theorem 2.14, we conclude that no two non—regular eigenvalues of a multipart matrix
are equal. Let P = {p1,pa, ..., pn} = {¢, q2 ,...,q"} be a finite sequence of non-decreasing
positive real numbers, and let p1 > po > --+ > ug be the non-regular eigenvalues of A(P).
Then we can write

A= = — Z Ai
= Z(kz —D)gi + Z —Hi-
i=1 i=2

Now, by Theorem 2.14, ¢; < —p; < ¢;—1 for 2 <1 < s. Therefore,

sz‘ —Pn <A1 < sz‘ - p1-

In the next theorem, we provide a lower bound for the positive eigenvalue of a multipart
matrix.

Theorem 2.15. Let P = {p1,pa, ..., pn} = {¢", 452, ..., "} be a finite sequence of positive
real numbers. Then
S

1 s
AL > B Z(kz — D+ 5\/(” —Dqigz -+ gs-

i=1

Proof. Since Ay < 0 < A\ and trace of A(P) is 0, so Ay = —(Aa + A3 + -+ + A\,). Let
A1 = 1 > pig > -+ > g be the non-regular eigenvalues of A(P).

n S

2|\ = Z il = Z(kz —1)g; + Z | i)
=1

i=1 i=1
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Now, applying A.M.> G.M. on |u1|, |pal, .., |us| and using Corollary 2.10, we get

S

1 s
|)\1| > 5 Z(kl - 1)% + 5\5/(71 — 1)q1q2 Cee (s

i=1

This completes the proof. n

Remark 2.16. The bound provided in Theorem 2.14 is sharp. The equality holds if P =
{p.p.p.....p} or P ={p,q}.

In the next theorem, we provide an upper bound for the largest eigenvalue (spectral
radius) of multipart matrix.

Theorem 2.17. Let P = {p1,ps,...,0n} = {di", &5, ..., ¢"*} be a finite sequence of nonzero
real numbers. Then

n—1

o(A(P)) =M < (n—1)(pip2-..pn) = -

Proof. By Theorem 2.14, A is the only positive eigenvalue A(P). Therefore %1 is the largest

eigenvalue of A(P)~!. Then for any nonzero vector X = [z 7o -+ z,]7 € R", we have

L XTA(P)™'X
N XTX

We take X to be the column vector with all component equal to 1. Then we have

1 > 1 [sum of entries of of A(P)’l]
)\1 n
1 1
~ n(n—1) 2 pi

pP1+p2+ -+ Pn

Applying AM.>G.M. on py,pa,...,p, We get

1 1
N 2 n—1"*
A (n—1)(pip2-..pn) ©

n—1

Therefore, \y < (n —1)(pip2...pn) = . O

Remark 2.18. The bound provided in the above theorem is sharp. The equality holds if
P = {p:pap7 o 7p} or P = {paQ}

3 Applications in spectral graph theory

Now we provide some applications of the multipart matrices. We have already observed that
the quotient matrix of the adjacency matrix of a complete multipartite graph is a multipart
matrix. Here we consider two connectivity matrices of a complete multipartite graph, namely,
the adjacency matrix and the normalized adjacency matrix.
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3.1 Adjacency eigenvalues of complete multipartite graphs

In this subsection, we try to analyze the spectral properties of the adjacency matrix of
complete multipartite graphs. The complete multipartite graph K, ,, ., on n vertices has
nullity » — k. An orthogonal set of eigenvectors corresponding to 0 can be constructed as
follows:

Note that any nonzero vector X = [r; x3 -+ z,]7 € R™ whose entries satisfy the
equation iy =0, for all 1 < i < n, is an eigenvector corresponding to 0. Let O, denote
the r-component zero row-vector, and for ¢ > 1 define the row-vectors X} by

Xi=e (i) +ex(@) 4+ +e;(@)) —jea(i)", foralll<j<i-—1,
where e, (i) is the j-th standard basis element of R’. Now, for P, > 2, we define

Op )", Jorall1 <i<h,1<j<p—1.

pig1 T

Y;(]> = [Opl Op2 Op¢71 X;DZ O

Then, for each p; > 1, the set {Y;(j)|1 < i < k,1 <j <p;, —1andp; > 1} contains
n — k orthogonal eigenvectors corresponding to 0. Therefore, a complete multipartite graph
Ky, ps....pr 00 n vertices has at most k distinct nonzero eigenvalues. Again, the nonzero
eigenvalues of the adjacency matrix are eigenvalues of the multipart matrix A(P), where

P = {p17p27 e 7pk}

Let P = {p1,pa, ..o} = {52, ..., ¢%) with Sk = k and S kigs = S pi = n.
Then Theorem 2.6, Theorem 2.9, and Theorem 2.14 provide alternative proofs for some of

the existing results [3, 4] related to adjacency eigenvalues of K, ,, . -

Theorem 3.1. [{] Let P = {py,pa, ..., oy = {d, &5, ..., ¢"} be non-decreasing sequence
of natural numbers with py + ps + - - - + pr = n. If A1 is the positive adjacency eigenvalue of
Ko po....pe» then the following are true:

(a) 0 1is an eigenvalue with multiplicity n — k.
(b) —gq; is an eigenvalue with multiplicity k; — 1.

(¢) If us < prs—1 < - -+ < p1 are the non-reqular eigenvalues, then
Qs < s < —Qs—1 < fls—1 < - < —@2 < p2 < —q1.

Theorem 3.2. [3] The characteristics polynomial of Kp, p, ... p. 1S given by

k=3 k—4

"R (2P — gt — gt — et — = ),

where ¢; = (i — 1) g [;csps 2 < @ < k and the summation runs over all subsets S of
{1,2...,k} of order i.

Now since all non-regular eigenvalues of A(P) are also eigenvalues of C'(P), we have the
following characteristic polynomial formula:

68



Mehatari/ American Journal of Combinatorics 2 (2023) 59-71

Theorem 3.3. Let P = {py,pa, ..., o} = {¢, 652, ..., ¢"} be non-decreasing sequence of
natural numbers with p1 +ps+---+pr = n. Then the characteristics polynomial of K, p, ... p,
18 given by

s

vk < H(x -+ qj)kjfl) (25 — 105 — e — eyt — o — ),
=1
where ¢, =) ¢ (ZzES 1) [ljcs 9, 1 <7 < s and the summation runs over all subsets

S of {1,2...,k} of order r.
Proof. The result follows from Theorem 3.1 and Theorem 2.11. m

Example 3.4. Consider the complete multipartite graph G = K329333444. The coefficients
in the Theorem 3.3 are ¢; = 18, ¢ = 130, ¢c3 = 192. Consequently the characteristic
polynomial of G is

Py(x) = 2 (x +2)% (2 + 3)*(x + 4)*(2* — 1827 — 1302 — 192).

Therefore, the adjacency eigenvalues of Ko92333444 are —42, —3.4884, —3%, —2.3125, —2?
08, 23.8009.

The next result gives a lower bound and an upper bound for the positive adjacency
eigenvalue of complete multipartite graphs. The result is the immediate consequences of
Theorem 2.15 and Theorem 2.17.

Theorem 3.5. Let P = {py,pa, ..., o} = {&, a5, ..., ¢"} be non-decreasing sequence of
natural numbers with py + pa + -+ - + pr = n. If Ay is the positive adjacency eigenvalue of
Ky po.c.pr» then
E-1 n
(k=1)(pip2---pr) © = A 5——2%-1- v/ (k—1)qga- - gs.

Proof. Since kiq1 + kogs + - -+ + ksqs = p1 + p2 + - - - + pr. = n. Hence the result follows from
Theorem 2.15 and Theorem 2.17. ]

Remark 3.6. The equality for the bound in Theorem 3.5 holds if GG is a regular complete
multiprtite graph or a complete bipartite graph.

3.2 Normalized adjacency eigenvalues of complete multipartite
graphs

Let V.=V, UV,U--- UV, be the equitable partition for the vertex set of G = K, p, . p
consisting of independent subsets of G. Then the quotient matrix for A is given by

Q=D7'Q,

69



Mehatari/ American Journal of Combinatorics 2 (2023) 59-71

where @ is the quotient matrix for A and D = diag[n —pi,n —pa, ..., n—pg|. The matrix Q
is similar to the matrix QD~!. We observe that the matrix QD™ is a multipart matrix for
the finite sequence { - 1pl ) n’f 0 e p }. Note that any eigenvalue of Q is also an eigenvalue
of A. Thus, as nullity of A is n — k, all nonzero eigenvalues of A is also eigenvalues of the

multipart matrix QD~!. Now we have the following result:

Theorem 3.7. Let P = {py,pa, ..., okt = {d, a5, ..., ¢"} be non-decreasing sequence of
natural numbers with py+ps+- - -+pr = n. Then the eigenvalues of the normalized adjacency
matriz A of Ky, p,....p has the following properties:

(a) 0is an eigenvalue with multiplicity n — k and 1 is a simple eigenvalue.

(b) — % isa eigenvalue of A with multiplicity k; — 1.
n—4gq

(c) All non-reqular eigenvalues are distinct.
(d) If 1 = py > po > -+ > us are the non-reqular eigenvalues of A, then

n—dqs n—=gs—1 n—(gs—2 n—q n—aq

Proof. Since A is a row stochastic matrix, 1 is an eigenvalue of A. Note that all the nonzero
eigenvalues of A are eigenvalues of A(P), where

P::{ D1 D2 Dk }::{< ¢ )m ( G2 >M ( qs )%}
n—pi n—py ' n—pg n—q/ '\n—q2 "\n — g

Therefore, the result follows from Theorem 2.6, Theorem 2.9, Theorem 2.14, and Sylvestar
law of inertia. ]

Example 3.8 (Biregular complete multipartite graphs). Let K, ,, ., be a biregular com-
plete multipartite graph. Then P = {p*' ¢*}. In that case, the normalized adjacency

eigenvalues are 0 (with multiplicity n — k), - (with multiplicity &y — 1), -4 (with
n—p n—q
(k- 1Dpg
(n—p)(n—q)
Example 3.9 (Triregular complete multipartite graphs). Let K, ,, ., be a triregular com-
plete multipartite graph. Then P = {p*, ¢*2,r*3}. In that case, the normalized adjacency

multiplicity ko — 1), — (with multiplicity 1), and 1 (with multiplicity 1).

eigenvalues are 0 (with multiplicity n — k), __r (with multiplicity &y — 1), 7 (with
n—p n—yq
multiplicity ko — 1), - (with multiplicity k3 — 1), 1 (with multiplicity 1), and two
n—r
negative non-regular eigenvalues are roots of the equation
(ki —=1p (k2 —1)qg (ks — 1)’”>$ n 2pqr
n—p n—q n—r (n=p)(n—q)(n—r)
In particular, if by = ko = k3 = 1, i.e., G = k,4,, then its normalized eigenvalues are
0% 1 =S 5 - e

(n—=p)(n—gq)(n—r)"

x2+<1—
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