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Abstract

Let G be a connected graph. A matching M in G is a set of edges of G without two of
them adjacent (having a common vertex). The graph whose vertices are the matchings
in G and two matchings M and N are adjacent if and only if (M \ N)U (N \ M) is
the edge set of a path or a cycle, is denoted by G(M(G)) and called the skeleton of
the matching polytope of G. The degree of a matching M in G is the degree of the
vertex M in G(M(G)). In the literature some authors have studied the degree of some
matchings, in particular when G is a tree. In this paper we continue this study and we
present some formulas to compute the degree of a matching M in a graph with cycles.
More explicitly, we focus on the matchings having 1 or 2 edges and on the matchings
of more than two edges with some constraints.

1 Introduction

Let G = (V(G), E(G)) be a simple and connected graph with vertex set V/(G) = {v1,va, ..., 05}
and edge set E(G) = {e1,€a,...,en}. For each k, with 1 < k < m, the edge ex = {v;,v;},
edge incident to vertices v; and v; of GG, is simply denoted by v;v;. The degree of the vertex
v € V(@) in the graph G is denoted by dg(v) and the set of neighbors of v in G (vertices
adjacent to v) is denoted by Ng(v). A path with n > 2 vertices, denoted by P,, is a tree
with n — 2 vertices having degree 2 and the others having degree 1. A cycle with n > 3
vertices, denoted by C),, is a connected graph with all vertices of degree 2. Thus, a cycle
C,, is obtained from the path P, by adding the edge incident to the vertices of degree 1

in P,. We denote a path by its sequence of edges, e;,¢€;,,...,e;, where e;, is adjacent
to e;,.,, for 1 < p < j—1, and a cycle obtained from this path is denoted by its edges,
€iys Ciyy - - 5 Cijs €y, Where ;. 18 adjacent to e;; and e;,. We say that P, has length n —1

and C,, has length n. A vertex v € V(G) is a pendant vertex of G if dz(v) = 1 and an edge
e € E(G) is a pendant edge of G if it is incident to a pendant vertex of G. A matching in G
is a subset M C E(G) without two edges adjacent in G, that is, having a common vertex.
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Let M be a matching in G. A vertex v of G is M-saturated if there is an edge of M
incident to v. Otherwise, v is an M-unsaturated vertex. As usual, S(M) is the set of M-
saturated vertices. The set Ng(S(M)) is the set (U, s No(v). A path Pin G (respectively,
a cycle C' in G) where edges alternate between being in M and in F(G) \ M is called an M-
alternating path (respectively, cycle). Let M and N be two matchings in G, the symmetric
difference of M and N is the set MAN = (M \ N)U (N \ M). Note that, if MAN is an
M-alternating path (respectively, cycle), then it is also an N-alternating path (respectively,
cycle). Moreover, if it is an M-alternating cycle, then the cycle has even length. For more
basic definitions and notations of graphs, see [3, 5] and, of matchings, see [8].

Let us fix an order on the elements of E(G) and let R¥(®) be the vector space of functions
from E(G) into R. For F' C E(G) the incidence vector of F is

(u) = 1, fueklF
XF\Y) = 0, otherwise.

In general, we identify each subset of edges of G with its respective incidence vector. The
matching polytope of G, M(G), is the convex hull of the incidence vectors of the matchings
in G. For more definitions and notations of polytopes, see [7].

In [4], the authors studied the polytope M(G) when G is a tree. However, the definition
of a graph obtained from this polytope, called the skeleton, and the notion of degree of a
matching appeared in [1]. It is worth mentioning that this definition was connected only
with trees. In [6] we have an algorithm to compute the degree of a matching when the graph
is a tree. Lately, in [2], the authors started the generalization of the study of the degree of a
vertex, that is a matching in a graph, in the mentioned graph called skeleton. In this paper,
we continue this study.

The skeleton of M(G) is the graph G(M(G)) whose vertices and edges are, respectively,
vertices and edges of M(G). Consequently, the vertex set of G(M(G)) is the set of matchings
in G. The next result characterizes when two distinct matchings in G are adjacent in

G(M(G)).

Theorem 1.1. [9] Let G be a graph. Two distinct matchings M and N in G are adjacent
in the matching polytope M(G) if and only if MAN s a path or a cycle in G.

Note that the path (respectively, cycle) mentioned in Theorem 1.1 is an M-alternating
path (respectively, cycle).

Using the last result we get that the empty matching in a graph is adjacent to matchings
with a single edge. Moreover, if a matching has more than one edge, then it is not adjacent to
the empty matching. Therefore, the degree of the empty matching in a graph is the number
of edges of the graph. This result appears in [1] when the graph G is a tree and in [2] for
any graph G.

In the next example we see the skeleton of the matching polytope of a graph with a cycle.

Example 1.2. Let G be the following graph.
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(%1 (%

V3 ()

The matchings in G are M1 = @, M2 = {U1U2}, M3 = {U11}4}, M4 = {Ulvg}, M5 = {U3U4}
and Mg = {v1ve, v304}. So, the skeleton of M(G) is the graph G(M(G)).

Note that the matching Ms is not adjacent to the matching M5 because MsAM; =
{v1v2, v304} is not a path nor a cycle.

We denote by degg (M) the degree of the matching M in the graph G(M(G)). The focus
of [1, 6] was the degree of a matching in the graph G(M(T')), where T was a tree. In [6], we
have an algorithm to compute this degree. In [2], the authors characterized the matchings
having minimum degree in G(M(G)), for any graph G. In this paper we obtain formulas to
compute the degree of some matching in graphs having cycles.

In Section 2 we present some results obtained previously about the degree of a matching.
In Section 3 we remove some vertices of the initial graph to divide the calculation of the
degree of a matching M in a sum of degree of submatchings of M. In this section we introduce
the operation of elimination on a graph with a matching. The Section 4 is dedicated to the
degree of a matching with a single edge and in Section 5 we continue this study but in a
matching with two edges. In Section 5 we describe another operation on the graph with a
matching, the withdraw/choose. A formula to compute the degree of a matching with more
than two edges and some constraints is the objective of Section 6. We conclude this paper
with some final remarks and open questions in Section 7.

2 Preliminaries

Let G be a graph and M be a matching in G. We say that an M-alternating path, P, is
an M-good path if each vertex of P of degree 1 in P is in V(G) \ S(M) or the edge of P
incident to it belongs to M.

Remark 2.1. Let M and N be two distinct matchings in G such that N is adjacent to M
in G(M(G)). Then MAN is an M-good path or an M-alternating cycle. Consequently, all
vertices of MAN belong to Ng(S(M)).

In [2], the M-good paths, P, are divided in three groups:
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(1) P is an oo-M-path if its pendant edges belong to M.
(2) P is a cc-M-path if its pendant vertices are M-unsaturated.

(3) P is an oc-M-path if one of its pendant edges belongs to M and one of its pendant
vertices is M-unsaturated.

In [1, 6, 2], the definition of M-good path and its subdivisions was important to prove
which matchings are adjacent to a given matching, see Theorem 1.1. However, when the
graph G has cycles, by Theorem 1.1, the symmetric difference of the two adjacent matchings
can be a cycle. In this case, we obtain an M-alternating cycle with all vertices M-saturated.
The next result shows us a way to obtain matchings not adjacent to a given matching.

Proposition 2.2. [2] Let M and N be matchings in a graph G. If M is adjacent to N in
G(M(G)), then [[M]—|N|| € {0,1}.

Throughout this paper, if the matching is a matching in a tree, we use the algorithm
described in [6] to compute its degree.

3 Elimination

The first operation on G with respect to the matching M, called the elimination, consists
of the elimination of the vertices of V(G) \ Ng(S(M)) from G. In some cases, with this
operation on GG we obtain subgraphs of G where the matching restriction of M to each one
of these subgraphs has fewer edges than the matching M.

Proposition 3.1. Let G be a connected graph and M be a matching in G. Let GM, ... G™
be the connected components of the subgraph of G induced by the vertex set Ng(S(M)) and
MW = M0 EGW), for 1 <i<r. Let H= (V(H),E(H)) be the subgraph of G induced
by the vertex set V(G) \ Ng(S(M)). Then

dega(M) = ZdegG@)(M(i)) + |E(H)].
i=1

Proof. Let N be a matching in G adjacent to M in the graph G(M(G)). By Theorem 1.1
we conclude that MAN is a path or a cycle in G. Since V(H)N Ng(S(M)) =0 and N is a
matching, by Remark 2.1 we have [INN E(H)|=0or [NNE(H)| = 1.

If INN E(H)| =1, then by Proposition 2.2 and Theorem 1.1 we get

M=NnN(EG)\ EH)).
Therefore, there are |F(H)| matchings of these kind.
If INNE(H)| =0, then N C |J;_, E(G?). Consequently, N is a matching in | J]_, G®.

Using Theorem 1.1 and the fact that N is different from M, we conclude that there is an i,
with 1 < ¢ < r, such that MAN is a nontrivial M®-good path or an M-alternating cycle
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in G®. Moreover, if j # i and 1 < j <r, then MY C N and N N E(G"Y) is a matching in
G adjacent to M®.

Conversely, for each edge e € E(H) we have the matching M U {e} adjacent to M
in G(M(G)). For each matching R® in G adjacent to M@ we have the matching
Uiz1, jos MY U RY adjacent to M in G(M(G)). So, the result follows. O

Example 3.2. Let M = {vyv3,v703} (edges of M in dark) the following matching in G:

U1 V2 U3 V4 Us (% U7 Ug
® ® ) ®
%) V10 V11

As Ng(S(M)) = {v1,ve, v3,v4, v, V7, Vs, V11 }, We get V(G) \ Ng(S(M)) = {vg, v10,v5}.
So, the subgraph H of G induced by the vertex set V(G) \ Ng(S(M)) has edge set E(H) =
{vgv10}. Moreover, the connected components of the subgraph of G induced by the vertex
set Ng(S(M)) are

U1 (%) (O8] V4 (7 U7 (%

So, by Proposition 3.1
dega(M) = degaay (MM) + degae (MP) + |E(H)|
= degGu)(M(l)) + degG(2>(M(2)) + 1,
where M) = M N E(GWY) = {vov3} and M® = M N E(G®) = {vsvg}.
As GW is a tree, using the algorithm described in [6] we get
degGm(M(l)) =4.

So,
dega(M) = 4 + degG(2>(M(2)) +1= degG<2>(M(2)) + 5.

Note that, in the last example, we started with a matching having two edges and with the
operation elimination on the graph, described in this section, we finished with a matching
having only one edge (see Remark 2.1).

4 Matchings having only one edge

In [6] the formula to calculate the degree of a matching in a tree having only one edge use
an operation called the duplication by the edge of the matching. If G has cycles and the
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unique edge of the matching belongs to one or more cycles, the duplication operation is not
easy because we need to duplicate vertices and edges that do not belong to the matching.
However, the next theorem shows the degree of this kind of matchings. This theorem is a
particular case of Theorem 2.6 in [2]. The proof of this is different from that given in [2].

Theorem 4.1. Let G be a connected graph and u and v be two vertices of G. Let M = {uv}
be a matching in G. Then

degg(M) = dg(u)dg(v) — |[Ng(u) N Ng(v)| + s,
where s is the number of edges in G not adjacent to uv.

Proof. We can assume that V(G) \ Ng(S(M)) = (. If not, first we use Proposition 3.1. Let
N be a matching in G adjacent to M, in the matching polytope M(G). By Theorem 1.1
we conclude that M AN is an M-good path or an M-alternating cycle in G. Since |M| =1,
MAN is not a cycle. As V(G)\ Ng(S(M)) = 0, by Proposition 2.2, N is in one of the
following cases:

(i) N has two edges one of them incident to u and the other incident to v or one of them
is uv and the other is an edge not adjacent to uv.

(ii) N has only one edge which is adjacent to uwv.

(iii) N is the empty matching.

So, there are (dg(u) —1)(dg(v) —1) — | Ng(u) N Ng(v)|+ s matchings in case (i) (note that
in N the edges do not have a common vertex), there are dg(u) — 1 4+ dg(v) — 1 matchings in
case (ii) and there are only one matching in case (iii). Consequently, the result follows. [

Example 4.2. Consider the graph of Example 3.2. As G® is the cycle Cy we have
dega(M) = dege, (M) + 5,

where M® has a unique edge of Cy. As all vertices of C, have degree 2 and there is not
cycles of length 3 in Cy, by Theorem 4.1, we get dege, (M) = 2x 2—0+1 (note that there
is an edge in C, not adjacent to the edge of M ). Consequently,

dega(M) = dege,(M@P) +5=15+5 = 10.

The next result is a generalization of Theorem 4.2 in [6] when M is a matching in a tree
T having a single edge that is a pendant edge (see also Corollary 3.2 in [6]).

Corollary 4.3. Let G be a connected graph and u and v be two vertices of G such that v is
a pendant verter. Let M = {uv} be a matching in G. Then

dege(M) = dg(u) + s,
where s is the number of edges in G not adjacent to uv.

Proof. Since dg(v) =1 and |Ng(u) N Ng(v)| = 0, the result follows from Theorem 4.1. ]
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5 Matchings having two edges

The focus of this section is the degree of a matching M in G, with two edges. If using
the elimination operation in G (see Section 3) we obtain two subgraphs each one of them
with a matching having a single edge, we use the formula described in Section 4 and we
get the degree of M. Therefore, in this section we assume that V(G) \ Ng(S(M)) = 0.
The Proposition 5.1 shows us that calculating the degree of a matching having more than
two edges is complicated. Here we use other operation on G with a matching, called
withdraw/choose. This operation consists on deleting two vertices and choosing a certain
connected component in the obtained subgraph.

Theorem 5.1. Let G be a connected graph and vy, vs, v3, vy be four vertices of G. Let M be a
matching in G such that V(G)\ Ng(S(M)) =0 and M = {vyve, v3v4}. Let G (respectively,
G?) be the connected component of the subgraph of G induced by the vertex set V(G)\ {vs, v4}
where vivy belongs (respectively, V(G) \ {v1,va} where vsvy belongs) and M* = M N E(G?),
fori=1,2. Then
degg(M) = deger (M) + degee(M?) — s + k+
2 4

Yo > anlda(v)dez(vy) — [Noa(v;) N Nz (vy)]],

ij=1, hp=3,

i#] h#p

where s 1s the number of edges in G not adjacent to vivy nor to vsvy, k is the number of
cycles of length 4, in G, where vivy,v3v4 belong and ays, is the number of edges incident to
vy and to vy, for 1 < f < g < 4.

Proof. Let N be a matching in G adjacent to M in the matching polytope M(G). By
Theorem 1.1, MAN is an M-good path or an M-alternating cycle in G.

Since M has two edges, if MAN is a cycle (M-alternating cycle), then M AN has length
4 and contains the edges of M. Thus, there are k cycles of these kind and consequently, k
matchings adjacent to M.

Suppose that MAN is an M-good path. Using Proposition 2.2, [N| = 1 or |[N| = 2 or
|N| = 3. Since an M-good path is an oo-M-path or a cc-M-path or an oc-M-path, we get:

1. If IN| =1, then

(a) N ={vjve} or
(b) N = {wvsv} or

(c) the unique edge of N is adjacent to vjve and to vsvy.
2. If [N| = 2, then

(a) vivy € N and the other edge of N is adjacent to vsv, but not adjacent to vjve or

(b) vsvy € N and the other edge of N is adjacent to vyvy but not adjacent to vsvy or
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(¢c) N has an edge e adjacent to v1ve and to vsvy and the other edge of N is not
adjacent to e but it is adjacent to one of the edges of M.

3. If |[N| = 3, then
(a) v1v9 € N and the other two edges of NV are not adjacent to each other nor vvs

but they are adjacent to vzvs or

(b) vsvy € N and the other two edges of N are not adjacent to each other nor vsv,
but they are adjacent to vivy or

(¢) {v1v9,v3v4} C N and the other edge of N is not adjacent to v1v9 nor vsv, or
(d) N has an edge e adjacent to v1vy and to vsv, and the other two edges of N are

not adjacent to each other nor to e but they are adjacent to the edges of M.

So, there are

matchings, in case 1., there are

der(v1) — 1+ der(v2) — 1+ dge(vs) — 1+ dg2(va) — 1+

> anl(der(vg) = 1) + (de2(vy) — 1)]

ij=1, hp=3,
i h#p

matchings, in case 2., there are
(dg2(vs) — 1)(de2(vs) — 1) + (dgr(v1) — 1)(der (v2) — 1)—
|N(;1 (Ul) N NGI (’U2)| — |Ng2 (’Ug) N Ng2 (U4)| + s+

2 4
. > aal(de(vy) = D(dee(vy) = 1) = [Nt (v;) N Nz (vy)]]
ij=1, h,p=3,

i#] h#p

matchings, in case 3.

Consequently,

2 4
dega(M) =k +2+ ZZ&HNL
i=1 h=3
dcl (’Ul) -1+ dGl (UQ) -1+ dg2 (1)3) -1+ dg2 (’U4) — 14+

4

> Y aal(der(v;) — 1) + (dez(v,) — 1))+

i?j:17 h?p:37
i#j h#p
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(dg2(vs) — 1)(de2(vs) — 1) + (dgr(v1) — 1)(dea (v2) — 1)—
|Ngi(v1) N Ngi(ve)| — | Ng2(v3) N Nz (vg)| + s+

Z > anl(dar(v;) = D(dez(vp) = 1) = [Nea(v5) 0 Nez(v)[] =

dgl (’Ul)dgl (Ug) — |Ngl (U1> N Ngl (U2)| + s+

d02 (Ug)dcﬂ (1)4) - |Ng2 (1)3) N Ng2 (’U4)| + 55— s+
4

k+ Z > amlder (v)dez (vp) — [Ner (v7) N Nez (wy)]]-

b h7p:37
i#] h#p
Using Theorem 4.1 we get the result. O

Example 5.2. Let M = {vyv3,v3v4} (edges of M in dark) the following matching in G:

Us Vg
o o
v
)
9 (24 V10
U11

Note that Ng(S(M)) = V(G).

The connected component of the subgraph of G induced by the vertex set V(G)\ {vs, v4}
where vjv, belongs (respectively, V(G)\ {v1, v2} where vsvy belongs) is G* (respectively, G?)
and M' = M N E(G") = {vjv2}, M? = M N E(G?) = {v3v4}.

Gl Us Vg (%4 G2
8
U7 v & Usg (%
L
9 V4 V10
9 V11

30



Fernandes/ American Journal of Combinatorics 8 (2024) 22-34

Using Theorem 5.1,

dega (M) = degen (M) + degee(M?) — 5 + k+

2 4
> ain[der(v)de2 (vp) — |Ngi(v;) N Naz(vy) ],
ij=1, h,p=3,

i#j h#p

where s is the number of edges in G not adjacent to viv, nor to vzvg, k is the number of
cycles of length 4, in G, where vv,, v3v4 belong and ay, is the number of edges incident to
vy and to vy, for 1 < f < g < 4.

Consequently, s = 1 (the edge v7v9) and k = 1 (the cycle vyvg, vov3, V34, v4v1). Moreover,

a3 =1, a14 =0, a3 =1, asy =1,

dg2(vs) =3, dg2(vs) =4, dgi(vy) =3, dei(v2) = 3,
|Ne(v1) N Nez(vs)| = 0, [Nea(v1) N Nez(vg)| = 0,
[Nei(v2) N Nez(vs)] = 0, [Ngi (v2) N Nez(vs)| = 1
(note that {vs} = Ngi(v2) N Ng2(v4)). So, by Theorems 4.1 and 5.1,

dega(M) =
(9—0+1)+(12—1—|—1)—1+1—|—a13(12—1)+a23(12—0)+ag4(9—0) =
104+124 11+ 12+ 9 = 54.
We finish this section with the degree of a matching with two edges in C}.

Corollary 5.3. Let M be a matching in Cy with two edges. Then
dege, (M) = 5.

Proof. Let vy, vq,v3,v4 be the four vertices of Cy and M = {vjve, v3v4}. Note that Cy has a
unique cycle, the connected component of the subgraph of Cj induced by the two vertices
incident in an edge of M is P, and the restriction of M to this subgraph has only the edge
of P,. Moreover, all vertices of P, has degree 1 and there are not edges in C4 not adjacent
to the both edges of M. Consequently, using Theorem 5.1 we get

2 4

dege, (M) = degp,(M*") + degp,(M?) + 1+ZZaih =14+1+1+2=5.

i=1 h=3
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6 Computing the degree of a matching

The goal of this section is to compute the degree of a matching with two or more edges. As
in [6] this question was solved for trees, we will consider graphs with cycles. In this section
we only use the withdraw operation on the graph with a matching.

Let G = (V(G), E(G)) be a connected graph, I C V(G) and J C E(G). We denote by
G the subgraph of G induced by the vertex set V(G)\ I. Let M be a matching in G. The
matching M gives rise to a matching M) = M N E(GD) in GU) and to a matching M \ J
in G.

Theorem 6.1. Let G be a connected graph having at least one cycle. Let uv and zw be two
different edges of the matching M in G such that there is no path P in G contained uv and
zw with V(P)NS(M) =V (P). If V(G)\ Ng(S(M)) =0, then

dega(M) =
degG({u,v}) (M({u’v})) + degG({z,w}) (M({Z’w})) — degG({u,U,z,w}) (M({u’v’z’w})).

Proof. Let N be a matching in G' adjacent to M in the matching polytope M(G). Then the
matching N verifies one of the following cases:

(i) the edge uv is in N

(ii) the edge zw is in N

(iii) neither the edge uv nor the edge zw are in N.

Then, we get

(1) N is a matching, in G, adjacent to M and verifies case (i) if and only if NV \ {uv} is a
matching in GU**Y adjacent to M \ {uv} = MUwh),

(2) N is a matching, in G, adjacent to M and verifies case (ii) if and only if N\ {zw} is
a matching in G{#*D adjacent to M \ {zw} = M{=wh,

If the matching N have both edges, uv and zw, then N is a matching that verifies cases (i)
and (ii). So, if N contains both edges, uv and zw, and it is adjacent to M, then N\ {uv, zw}
is a matching in G&»v=v} adjacent to M \ {uv, zw} = MU»»=wH  Moreover, the converse
is true.

By Theorem 1.1, MAN is an M-good path or an M-alternating cycle in G. If N is
a matching and verifies case (iii), then wv and zw are edges of MAN. This implies that
there is a path P in G contained wv and zw with V(P) N S(M) = V(P), contradicting the
hypothesis. Thus, there is no matching N in G adjacent to M and verifying the case (iii).

Therefore, the result follows. O

Remark 6.2. The last result transforms the degree of a matching with some constraints in
a sum of degree of matchings having fewer edges than the initial one.
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7 Conclusions

In this paper we consider graphs having cycles and we presented formulas to compute the
degree of a matching using some operations on the initial graph. More precisely, firstly we
focus on matchings with vertices that are not in the neighbor of the saturated vertices by the
matching. Then our goal was the matchings with one and two edges. And in Section 6 we
show a formula to obtain the degree of a matching with some constraints. We also defined
two operations on the graph with a matching, the elimination and the withdraw /choose.

An open question is how to compute the degree of a matching without the constraints
present in Theorem 6.1.
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